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ADVERTISEMENT. 



. THE first three Books of Dr, 

!*i Simson's Treatise of the Conic Sections 



)^ are translated into English, with a vie\{ 
\ to facilitate the study of the higher Geo* 
metry. These hooks contain as much of 
the doctrine as usuaUy enters into an 
academical education. 



ELEMENTS 



OF THK 



a^<E>m^ sisd^^iKDHSi. 



TS^otik fivnt 



OF THE PARABOLA. 



DEFINITIONS. 

I. A STRAIGHT line AB, and C a point book i. 
vithout it, are given in position. On the ^^yiTl 
plane of ABC, there is placed a ruler D£F, 
having its side D£ applied to AB, and its 
other side EF on the same side of AB with 
the point C. A string FGC is taken equal 
* in length to'EF : and one end of this string 
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come «BCTIOKil. 

BOOK I. being fixed in F, aud the other in C, a part 
of it FG is, by means of a pin G, brought 
close to the side F£ of the ruler ; then, the 
strifig being kept uniformly tense by the pin, 
the side D£ of the ruler is moved along AB : 
and thus the point of the pin, as it moves 
onwards with the ruler, describes upon the 
plane a line named the Pababola. This line 
may be extended to a distance from the 
point C, exceedii^ any given distance, provi- 
ded the length of the side FE of the ruler , em- 
ployed, be greater than that given distance. 

II. The straight line AB is named the 
directrix. 

III. And the point C is named the focUs of 
the parabola. 

IV. A straight line perpendicular to the 
directrix, is named a dkmeter ; and the 
point where a diameter meets the parabola, 
is named the vertex qf that diameter i and 
the diameter which passes through the focu8» 
is named the asis qf the parabola i and th« 
vertex of the axis is named the principal 
vertejp. 

V. Wheti a straight line terminated both 
ways by a parabola^ is bisected by a. diame- 
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ter, it is said to be ordinately applied to that '^^^ ^ 
diameter } or, it is named, simpljr, an ordi* 
hate to that diameter. 

VI. A straight line quadruple of that seg-^ 
ment of a diameteir which is intercepted 
between its vertex and the directrix^ is 
named the latus recttmi^ or the parameter^ of 

that diameter. 

« 

VIL A straight line nfteting a parabola 
only in one point, and which, when pro* 
ddced both ways, falls without the para- 
bola, is said to touch the parabola in- that 
point. 



PROPOSITION I. Theorem. 

r 

A straight line drawn perpendicular to 
the directrix from any point of a pa* 
rabola, is equal to the straight line 
drawn to the focus from that same 
point. 



XiCt G be a point in the parabola, and f^. k 
G£ a straight line perpoadicular to the 
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BOOK I. directrix AB; draw GC to the focus C, 
and let EF be equal to the length of that 
side of the ruler which is on the same side 
of AB with the focus C : therefore £F is 
equal to the length of the string FGC : take . 
away the common part FG, and the remain- 
der EG will be equal to the remainder GC. • 

CoBOLLARY. iHencc that segment of 
the axis which is intercepted between the 
focus and the directrix, is bisected in the 
vertex of the axis. Thus CB is bisected in 
H. 

PROP. 11. Tmeor. 

If the distance of any point from the 
focus of a parabola be equal to the: 
perpendicular drawn from the same 
point to the directrix, that point is in 
the parabola. 



Fi^. 1. Let there be a parabola, the directrix of 
which is AB, and the focus C ; and let D be 
a point, the distance of which from the focus 
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IB the straight line DC ; horn D draw D£ book i. 
perpeniiicodar to the directrix. . If DC be 
equal to D£, the point D is in tlie parabola. 
Froin the center C, at the distance CD, 
describe a circle, meeting the axis in the 
point F : let H be the vertex of the axis, and 
join.CE: then, because 'any two sides of a 
triangle are together greater (20. 1 . Elements 
of Euclid) than the third side, CD, DE are 
together greater than CE ; much morcj'then, 
are they together (19. 1. Elem.) greater than 
CB; but CD is equal to DE, as also CH 
(cor. 1. 1.) to HB: therefore, CD, that is, 
CF, is greater than CH : the parabola, there- 
fore, with respect to its vertex H, is within 
the circle GDF: of consequence, it must 
meet the circle somewhere, since it may be 
extended (def. 1.) to a distance from the fo- 
cus C which shall exceed any given distance. 
Now it meets the circle in the point D ; for, 
if this is not true, it must meet the circle in 
some other point. Suppose it meet in the 
point L, which is on thesame side of the axis 
with the point D, then having joined CL, 
draw LM perpendicular to the directrix, and 
LN parallel to it ; and let LN meet DE in 
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N ; and, because the point L is in the para* 
bola, CL is (1. 1.) equal to LM ; and»accor« 
dln^ to the hypothesis, CD is equal to D£ ; 
and, Qbeing the center of the circle, CL is 
equal to CD : therefore LM, that is, NE, is 
equal to DE i which is impossible : the para* 
bola, therefore, will not meet the circle in 
the point L, nor any where but in D : there- 
fore D is a point in the parabola. 



PROP. IIL Theor. 

Any straight line drawn through the fo- 
cus meets the parabola ; and a straight 
line drawn from any point within a pa- 
rabola to the focus, is less than the 
perpendicular drawn from that point to 
the directrix. A straight line, on the 
other hand, drawn from any point with- 
out a parabola to the focus, is greater 
than the perpendicular drawn &om f hat 
point to the directrix. 



Fig. 1. Let there be a parabola, the directrix of 
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which is ^B» and diie point C the focus ; book i; 
any stf ai£^£ line drawn through C meets 
that parabola. 

Firsts if CB^ a straight line drawn through 
the focuSf Be perpendicular to the directrix, 
the pcMBt H» . bisecting (cor. !• l.) the seg* 
ment, intercepted between the focus and the 
directrix* is in the (2. 1.) partibola: but if 
any other straight line CP be drawn through 
the focus, bisect the angle BCP by the 
straight line CM, and let CM meet the direc* 
trix in M, and draw MN parallel to the axis 
BC : then, because the angles PCM, CMN 
are together less than two right angles, for 
each of them is less than one right angle, the 
straight lines CP, MN meet each othe^ ; let 
them meet in the point O, then the ang^e 
OCM is equal to the angle CMO j for each 
of the two is equal to (29. 1 . Elem.) BCM j 
therefore, OM is (6. l. Elem.) equal to OC : 
consequently, the point O is in (2. 1.) the 
parabola. ' 

In proceeding to demonstrate the other 
part of the proposition : First, let there be 
any point K within the parabola, that is, let 
it be on the same side of it with the focus C, 
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BOOK I. and draw KL at right angles tb the direc- 
trix ; draw likewise KC to the focus ; KC is 
less than KL. Let CK meet the parabola in 
Oj and let there be drawn to the directrix 
the straight line OM parallel to KL, and let 
OL be joined. Since, then, the point O is 
in the parabola, OC is equal to OM ; but 
OMis (19. 1. £lem.) less than OL; much 
more therefore is (OM, or) OC less than (20. 
1. Elem.) OK and KL together : take away 
the common part OK, and the remainder KC 
is less than the remainder KL* 

Next, let the point Q be without the pa- 
rabola, and draw QR at right angles to the 
directrix ; QC drawn to the focus is greater 
than QR. Let QC meet the parabola in O, 
and draw OM parallel to QR, and join QM; 
therefore, because CO is equal to OM, CQ 
is equal to MO together with OQ ; but MO 
togetlier with OQ, is greater than QM ; 
much more, then, are they greater than QR» 
QC is, therefore, greater than QR. 

CoH. Hence it is evident, that any point 
is within or without a parabola, according as 
the distance of that point from the focus is 
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kss or greater than a perpendicular drawn book u 
from that same point to the directrix. "^nr-^ 

PROP. IV. Theor. 

A perpendicular to the directrix nsieets the 
.parabola only in one point ; and when 
produced downwards, it falls within the 
parabola. 

Let MT be perpendicular to the directrix Kg. i. 
AP J draw MC to the focus ; let CO be 
drawn, making the angle MCO equal to 
CMO, and meeting MT in O ; OM is con- 
sequently equal to OC; and therefore the 
point O is in (2. 1.) the parabola. 

Next, take any point T in MO produced, 
and join TC : since, then^ the angle MCT is 
greater than MCO, that is, than the angle 
CMT, TM is greater than TC : the point T . 
therefore is within (cor. 3. 1.) the parabola. 
In like manner it may be demonstrated, that 
any point above O in the straight line MT is 
without the parabola. 
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"••nr^ PROP. V. Thkob. 

If from a point in a parabola a straight 

line be drawn to the focus, and if from 

the same point a straight line be drawn 

« _ 

perpendicular to the directrix ; the 

straight line which bisects the angle 

contained by these two straight lines, 

touches the. parabola in the said point. 

Also, a straight line drawn through the 

vertex of the axis at right angles to Uie 

axis, touches the parabola. 

Fig. i, 1. D being a point in a parabola, and DC 
drawn from D to the focus, and DA drawn 
perpendicular to the directrix AB; DE that 
bisects the angle CD A, touches the parabola 

in the point D. 

In DE take any other point F ; and having 
joined FA, FC, AC, draw FG perpendicular 
to the directrix j then, because DA is equal 
(1. 1.) to DC, DF common, and the angle 
FDA equal to FDC ; FC is equal (4. 1. E- 
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lem.) to FA ; and, consequently, greater than soot i* 
FG i therefore the point F is without the ^ r*^ 
(cor. 3. 1.) parabola ; and, consequently, the 
straight line DE touches the parabola (def, 
7.) in the point D. 

2. HK, a straight line drawn through the ^«* ^• 
vertex of the axis, at right angles to the axis, 
touches the parabola. In HK take any point 
K ; from which draw KL perpendicular to 
the directrix ; and join KC : and, because 
KC is^eater (19. 1. Elem.) than CH, that 
is, than (cor. 1. 1.) HB, th^ is, thain KL, 
KC is greater than KL ; therefore the point 
K is without the parabola, and HK touches 
the parabola. 

Cor. 1. This proposition points out a me- 
thod of drawing a straight line that wiD touch 
a parabola in a gjven point, provided the di« 
rectrix amd the focus be given in position. 

Coa. 2. And since it has been proved, that 
all straight lines that touch a parabola,tfaU 
without it towards the same parts, that curve, 
it is plain, is every where convex on the side 
on which the touching lines are, but concave 
on the contrary side. .' 

B 
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PROP. VI. Problem. 

The directrix and the focus of a parabola, 
and a straight line not parallel to any 
diameter, being given in position ; to 
draw a straight line parallel to the 
straight line given in position, which 
will touch the parabola. 

%' ^ AB being the directrix and C the focus of 
a parabola, and MN a straight line not paral- 
lel to any diameter ; it is required to draw a 
straight line parallel to MN, which will touch 
the parabola. 

From the focus C draw CO perpendicular 
to MN, and meeting the directrix A ; and 
having bisected AC in £, draw ED parallel 
to MN, and meeting the diameter through A 
in the point D, and join CD ; then, in the 
triangles AD£^ CD£, AE is equal to CE, 
ED common, and the angles at E right an- 
gles ; DA, therefore, is equal to DC ; and, 
consequently, the point D is in the (2. l.) 
parabola : ^d, since the angle ADE is equal 
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to the angle CD£, the straight line DE, as book i. 
was shown- in the preceding proposition^ '^ ^^ "^ 
touches the parabola. 

PROP. VII. Theor. 

If from a point E in a parabola, there be ^'^- ^ *• 
drawn a straight line EG, neither paral- 
lel to the axis, nor bisecting the angle 
contained by the diameter passing 
through that point, and a straight line 
drawn from the same point to the fo- 
cus ; the straight line EG cuts the pa- 
rabola in one other point, but not in 
more than one. 

From the focus C Jet a perpendicular be 

drawn to EG, and let it meet the directrix 

in A ; and, making A/ei)ual to AF, through 

fdt^wfe parallel to the diameter FE, md let 

jfe meet EG in e ; the point e will be in the 

parabola* 

There are two cases* — First, where EG Fig. 3. 
passes through the focus. Because EC is 

B 2 
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BOOK I. equal to EF, and each of the angles fiCA, 
"^ r—^ EFA a right angle ; therefore AC is (5. and 
6. 1. Elem.) equal to AF; and» consequent- 
^ ly, it is equal to Afi and each of the angles 
AC^9 AJe is a right angle : eC is, therefore, 
equal to ef; and therefore the point e is in 
the (2. !•) parabola* 
Fig. 4. In the seicond, EG does not pass through 
the focus. From the centre E, at the dis- 
tance EC, describe a x^ircle, meeting CA 
again in H; and describe another circle 
through the points C, H, X; then, because 
EC is equal to EF, and that EFA is a right 
angle, the circle described from the centre E 
touches (16. 3. Elem.) the directrix in F: 
therefore the rectangle CAH is equal to (36. 
3. Elem.) the square of AF, that is, to the 
square of Afi therefore Ay' touches the cir- 
cle (3*7. 3. Elem.)/CH$ and the centre of 
this cirdU is (19. 3. Elem.) infe; it is also 
in GE, which bisects CH at right angles : it 
is, therefore, in the point e where jf&, GE in- 
tersect each other. eC, therefore, is equal to 
ef; and, therefore, the point ^is in the (2. 1.) 
' * - parabola. 

It is evident, that EG cuts the parabcja no 



\' 
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where but in the points E,e : for, if possible, book i. 
let EG cut it also in another point 8 ; and '^^^^ 
let sp be drawn perpendicular to the direc- 
trix AB; a circle, thus described from the ^^-t* 

' n. 1. 2. 

centre s, distance eC, passes through H, and 
touches the directrix in the point ^, at a dis- 
tance from the point A, less or greater than n. i. 2. 
that of the point F or y from A ; and the 
square of ^A being equal to the rectangle 
CAH, is equal to the square of FA : which ^ { 

is absurd. 

Cob. Of all the straight lines that can be 
drawn from any point of a parabola, only one 
can touch the parabola; for the diameter 
through the point falls (4. 1.) within the pa- 
rabola ; and any other straight line, except 
that which bisects the angle contained by the 
diameter through the point, and the straight 
line draw£i from the point to the focus, meets 
the parabola agsun in another point. 

PROP. VIIL Thkor. 



n. I. 3. 



If firom the focus C of a parabola, a per- Fig. 4 
pendicular CG be drawn to any straight 

B 3 
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BOOK I. line LG, meeting the directrix in A ; 
if the segment of the perpendicular in- 
tercepted between the focus and the 
straight line, is not greater than its 
other segment intercepted between the 
straight Une and the directrix, that is 
if CG be not greater than GA, the 
straight line LG, necessarily, meets the 
parabola. 

When the segments CG, GA are equal, it 
is plain from what was demonstrated in Prop. 
6. that the straight line LG touches the para- 
bola in the point where the diameter through 
A meets LG. 

But if CG be less than GA, take GH equal 
to GC \ and from the point A, and on either 
side of A, place, in the directrix, AF, or Aj^ 
such, that the square of either may be equal 
to the rectangle CAH ; and, having describ- 
ed a circle through the points C, H, F, draw 
FE perpendicular to AF, and let FE meet 
LG in E : and the square of AF being equal 
to the rectangle CAH, AF touches the circle 
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in F ; and therefore the centre of the circle BboK !• 
is in FE : but as CH is bisected at right an- 
gles by the straight line LG, the centre of the 
circle is likewise in LG : it is, therefore, in 
E, the point where FE, LG intersect each 
other : hence EC is equal to EF j and, there- 
fore, the point E is in the parabola. In like 
manner, if ef drawn perpendicular to the di- 
rectrix meets LG in ^, the point e is in the 
parabola. 

Cor. Hence any straight line passing 
through a point within a parabola, meets the 
parabola. 

Case 1. If the straight line is a diameter, 
it is evident, from Prop* 4. 1. that it meets 
the parabola. 

Case 2. When the straight line is not a 
diameter. Let LG pass through the point L 
within the parabola ; it will meet the para- 
bola. From the focus C let the straight line 
CG be drawn at right angles to LG, and let 
it meet the directrix in A ; and join LC, 
LA : then because the point L is within the 
parabola ; a straight line drawn from L per- 
pendicular to the directrix, is greater (3. l.J 

B 4 
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BOOK I. than LC : consequently^ L A» which is not 

'^^'^ less than this perpendicular, is greater than 

LC : AG, therefore, is greater than (47. 1 • 

Elem.) GC ; and therefore LG meets the pa* 

rabola. 

PROP. IX. 

The angle contained by a diameter of a 
parabola, and a straight line drawn from 
the vertex of that diameter to the focus, 
is bisected by the straight line that 
touches the parabola in that vei*tex. 

Fig. 5. The angle ADC, contained by the diame* 
ter AD, and the straight line DC, is bisected 
by D£, a straight line touching the parabola 
in the vertex D : for if the angle ADC is not 
bisected by DE, it is possible for some other 
straight line to do it ; and this other straight 
line also will touch the parabola (5. 1 •) : which 
is absurd. 

CoR. 1. On the other hand, if AD be a 
diameter, and £D touch the parabola in the 
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vertex D of AD, and if the angle ADE be book i. 
equal to the angle CD£, DC passes through 
the focus: or, if DC passes through the fo« 
cus» D£ touching the parabola in D, and the 
angle ADE being equal to the angle CDE ; 
DA is a diameter. 

CoR.^ 2« If from any point D which is in a 
parabola, but which is not the vertex of the 
axis, a straight line DE be drawn touching 
the parabola, the angle EDA contained to- 
wards the directrix by the straight line DE 
and the diameter DA, is less than a right an- 
gle ; for the angle ADC, which is the double 
of EDA, is less than two right angles. 

PROP. X. Theor. 

If from a point in a parabola a straight 
line be drawn touching the parabola^ 
and if from the same point a perpendi- 
cular be drawn to the axis; the seg:« 
ment of the axis intercepted between 
the perpendicular and the line touching 
the parabola^ is bisected in the vertex 
of the axis. 
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BOOK I. Let D be a point of the parabola, and let 

^/' ^ a line drawn from D to E touch the parabola, 

and DH be perpendicular to the axis ; the 

segment EH of the axis is bisected in F, the 

vertex of the axis. 

Through D let DA be drawn perpendicu-* 
lar to the directrix ; let DC be drawn to the 
focus, and let the axis meet the directrix in 
B : and because the angle CDE is equal to 
the angle ADE (9. l.)> that is, to the alter- 
nate angle CED, CE is equal to CD, or DA, 
that is, to HB; and CF is equal to FB; 
therefore the remainder F£ is equal to the 
remainder FH. 

PROP. XI. Theob. 

V 

Every straight line parallel to a straight 
line that touches the parabola, and ter- 
minated both ways by the parabola, is 

♦ bisected by the diameter passing through 
the point of contact, that is, it is ordi- 
nately applied to this diameter. 

^"i*. t '^^^ straight line Ee, which is terminated 
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in the points E, e, being parallel to DK, a book i. 
straight line touching the parabola ; and AB, 
the diameter which passes through the point 
of contact D, meeting E^ in L ; L£ is equal 
toL^. 

Let AD meet the directrix AB in A ; from 
the points Ei^ e to the directrix, draw the 
perpendiculars EF, ef; and from the focus C 
draw CA meeting E^ in G ; from the centre 
£, distance EC, describe a circle meeting CA 
again in H ; this circle will touch the direc- 
trix in F : join DC : then, because DA is 
equal to DC, and the angle ADK equal to 
(9. 1.) CDK, DK is (4. 1. Elem.) perpendi- 
cular to AC : and, therefore, Ee is likewise 
at right angles to AC : and because E is the 
centre of the circle CFH, CG is equal to (3» 
3. Elem.) GH : join ^ and ^H, and eC will 
be equal (4. 1 . Elem.) to eH : a circle, there- 
fore, described from the centre e, and at the 
distance eC, passes through H ; and eC being 
equal to ^ it passes likewise through y*r 
therefore, since the straight line f/* touches 
the circles, and the straight line AHC cuta 
ihem, the square of AF is equal to the (36. 3^ 
Elem.) rectangle CAH, that is, to the square 
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BOOK I. of Af: therefore AF is equal to A^; but FE^ 
ALy fcj are parallels : therefore L£ is (2. 6. 
Elem.) equal to Le. 

Cor. 1. Of) if a straight line £e, terminated 
both ways by a parabola, be bisected by the 
diameter AL, it is parallel to the tangent 
which passes through D, the vertex of AL : 
for if the straight line touching the parabola 
in the point D, be not parallel to LE, let 
another straight line be drawn touching the 
parabola, and parallel to LE \ then the dia* 
meter which passes through the point where 
this other straight line touches the parabola, 
bisects the straight line Ee : but, according 
to the hypothesis, the same Ee is bisected by 
the diameter AL : which is absurd. 

CoR. 2. All straight lines ordinately ap- 
plied to any diameter, are parallel to one 
another. 

CoR. 3. If two or more parallels be termi* 
nated both ways by a parabola, the diameter 
which bisects the one bisects also the other, 
or the rest of them : for the one that is bisec- 
ted by a diameter, is parallel to the straight 
line touching a parabola in the vertex of that 
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diameter ; lusd consequently the other^ or book r. 
the others, is, or are, parallel to the same 
straight line that touches the parabola in that 
vertex ; and, therefore, is, or are, bisected by 
the same diameter. 

Cob. 4. Any straight line, on the contrary, 
which bisects two parallels terminated both 
ways by a parabola, is a diameter : for if it is 
not, it is possible for some other straight line 
bisecting one of the parallels to be a diame- 
ter i and being a diameter, this other straight 
Une must also bisect the other of them ^ but, 
according to the hypothesis, the former of 
the straight lines bisects both the parallels : 
which is absurd. And if from the point of 
contact a straight line be drawn bisecting 
another straight line parallel to the tangent, 
and terminated both ways by the parabola, 
that straight line is a diameter : for if it be 
not, let a diameter be drawn through the 
point of contact, this diameter must also hu 
sect the parallel to the tangent : which is ab* 
surd. 

Cor. 5. And a straight line drawn through 
the vertex of a diameter, so as to be parallel 
to straight lines ordinately applied to that 
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BOOK u diameter^ touches the parafaols. This is 
manifest from cor. 1. 



PROP. XII. Thbor. 

If from a point of a parabola a straight 
line be drawn perpendicular to a dia- 
meter, and if from the same point a 

■ 

straight line be ordinately applied to 
that diameter ; the square of the per- 
pendicular is equal to the rectangle 

r 

contained by the abscissa of the dia- 
meter and the lalus rectum of the axis. 

(N. £.. Jk^o^ia^a is^e segment inter- 




cepli^^t?(»A0^t *e^Srtex of a diameter 
a straight line, ordinately applied to that 

Case 1. When the diameter is the axis of 

the parabola. 

Fig- 6. Let D be a point in a parabola, and DH 

a perpendicular to the axis BC ; DH will be 

parallel to (5. 1.) the straight line touching 
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tbie {Mirabola in the vertex of the axis; and book u 
therefore will be ordinately (11. 1.) apf^ied ^-^^ 
to the axis : draw DC to the focus^ and DA 
perpendicular to the directrix AB, and let 
F be the vertex of the axis ; then, because 
HB is equal to DA, that is, to DC, the 
square 9f HB is equal to the square of DC, 
that is, to the square of DH, together with 
the square of HC : but, since BF is^ equal to 
FC, the same square of HB is equal to four 
times the rectangle HFC, together with the 
(8. 2. Flem.) square of HC : therefore the 
square of DH, together with the square of 
HC, is equal to four times the rectangle 
HFB, together with the square of HC : 
Therefore the square of HD is equal to four 
times the re,ctangle HFB, that is, to the rec- 
tangle contained by the abscissa HF, and thj^ 
parameter of the axis. 

Case 2. When the diameter to which the 
perpendicular is drawn is not the axis. 

Let EN bfj perpendicular to the diameter Fig.4- 
AD; let EL be an ordinate to AD, and ""^^^^ 
D the vertex of the same AD ; the squarp 
af EN is equal to the rectangle contained bg 
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BOOK I. the abscissa LD and the parameter q£ the 
axis. 

Draw DK parallel to LE ; DK will there- 
fore (5 cor. 11. 1.) touch the parabola in D: 
and let DK meet the axis in K ; let £F be 
drawn at right angles to the directrix j and 
let a circle be described from the centre E, 
distance EF ; and this circle will touch (cor. 
16. S. Elem.) the directrix in F^ and pass 
through the focus C : let AC be joined, and 
let it meet the circumference of the circle 
again in H, and the straight lines DK, LE 
in the points P, Q ; and let LE meet the 
axis in O. 

Because the angles (9. of this book, 4. !• 
Elem.) CPK and CBA are right angles, and 
the angle BCP common, the triangles CBA, 
CPK are equiangular : AC, therefore, is (4. 
6. Elem.) to CB, as CK to CP, that is, as (2. 
6.; 16. 5. Elem.) OKtoGP: consequently, 
the rectangle, contained by CA, GP is equal 
to (16. 6. Elem.) that contained by OK, 
CB s but because CA is (9. of this book, 
and 4. 1. Elem.) the double of CP, and CH 
Ihe double of CG, AH is double of GP; 
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and, consequently, the rectangle CAH is book i* 
equal to twice the rectangle CA, GP, that is, 
to twice the rectangle OK, CB : but, the 
square of EN, or of AF, is equal (36. S. E- 
lem.) to the rectangle CAH : it is, therefore, 
equal to twice the rectangle OK, CB, that 
is, to the rectangle contained by the abscissa 
LD, and the parameter of the axis. 

Cor. 1. Hence the squares of perpendi- 
culars drawn from any points of a parabola to 
any diameters, are to one (1.6. Elem.) ano- 
ther, as the abscissas intercepted between the 
vertices of those diameters and the ordinates 
drawn from those points. 

CoR. 2. The squares of straight lines ordi* 
nately applied to the same diameter, are to 
one another, as the abscissas between those 
straight lines and the vertex of that diameter. 
Let EL, QR be ordinately applied to the 
diameter DN ; and let EN, QS be perpendi- 
cular to the same : because the triangle ELN 
is equiangular to the triangle QRS, the square 
of £L is to that of QR, as the square of EN 
to that of QS, that is, by the preceding corol- 
lary, as the abscissa DL to the abscissa DR. 

C 
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BOOK !• Cor. S. And if from the vertices of two 
diameters there be drawn straight lines erdi* 
nately applied to those two diameters, that is* 
if the straight line drawn from the vertex of 
each diameter be an ordinate to the other 
diameter, the abscissas between those ordi* 
natfes and the two vertices are equal to each 
other ; for the perpendiculars drawn from the 
two vertices to the two diameters are equal. 

PROP. XIII. Theor. 

If from a point of a parabola a straight 
line be drawn ordinately applied to a 
diameter, the square of half that ordi* 
nate is equal to the rectangle contained 
by the abscissa between that same or- 
dinate and the vertex of that diameter, 
and the latus rectum of the same diame- 
ter. 

Fig. 4. Let AB be the directrix of a parabola, and 
AD a diameter, to which EL, drawn from 
the point £ of the parabola, is ordinately ap- 
plied J and through the vertex D of the dta- 
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meter AD, draw DK parallel to £L; DK, book r, 
of consequence, will touch the parabola: 
draw DM perpendicular to the axis, and 
from Q, the vertex of the axis, draw QR or- 
dinately applied to the diameter DL ; and, 
ccmsequently, parallel to EL. 

Since QR is equal to DK, its square is 
equal to (47. 1 . Elem.) the squares of DM, 
MK ; but the square of DM is, by the first 
case of the foregoing proposition, equal to 
four times the rectangle MQB ; and since 
MQ is equal (10. I.) to QK, the square of 
MK i§ equal to four times the square of MQ : 
therefore the square of QR is equal to four 
times the rectangle MQB, together with four 
times the square of MQ, that is, to four times 
(3. 2. Elem.) the rectai^le QMB : but MQ, 
or QK, is equal to DR, and MB to DA ; 
therefore, the square of QR is equal to four 
times the rectangle RDA; and since QR, 
EL are ordinately iqpplied to the diameter 
AD^ the square of QR is to the square of 
EL as (2. cor. of the preceding proposition) 
BD toLD, that is, as four^imes the rectan- 
gle RDA to four times the rectangle LDA: 
but the square of QR, as hath been proved, 

c 2 
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BOOK I. is equal to four times the rectangle RDA : 
therdfore, the square of EL is equal to four 
times the rectangle LDA, that is, to the rec- 
tangle contained by the abscissa LD and the 
parameter of the diameter AD. 

It was from the property above demon- 
strated, that Apollonius named the curve 
line, which is the subject of this book, the 
Parabola. 

Cor. 1. If from a point £ to AD, a diameter 
of the parabola, a straight line EL is drawn 
parallel to straight lines ordinately applied to 
die diameter AD, and meeting the same AD 
below its vertex D ; if the square of EL is 
equal to the rectangle contained by the ab- 
scissa LD and the parameter of the diameter 
AD ; the point £ is in the parabola. 
Fig. 4. For since the point L is within (4. 1.) the 
parabola, the straight line £L necessarily 
meets (cor. 8. l.) the parabola : if, therefore, 
EL does not meet the parabola in the point 
E, on the same side of the diameter with E, 
let it meet it, if possible, in some other point, 
nearer, or more remote, from the diameter^ 
than £ is : let this other point be f ; then the 



n. 2. 
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square of sL is equal to the rectangle cud- book i, 
tained by LD, and the parameter of the dia- 
meter,, that is, according to the hypothesis, 
to the square of EL ; which is absurd. 

Cor. 2. If from two points E^ Q, one of 
which, Q, is in the parabola, there be drawn 
to the diameter AD straight lines, EL, QR, 
parallel to straight lines ordinately applied to 
AD ; if the squares of the parallels be to one 
another as the abscissas between the parallels 
and the vertex of the same AD j the other 
point E is also in the parabola* 

If the diameter LD meets the directrix in 
A, four times AD is its latus rectrnn^ : then, 
since the square of QR is to that of EL as 
RD is to LD, that is, as four times the sec- 
tangle RDA to four times the rectangle 
LDA} and since, by the proposition, the 
square of QR is equal to four times the rec- 
tangle RDA ; the square of EL is equal 
to four times the rectangle LDA ^ and there- 
fore, by the preceding corollary, the point E 
is in the parabola. 

3 
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BOOK I. • 

PROP. XIV. Theor. 

If a straiglit line be drawn from a point 
of a parabola so as to be ordinately 
applied to a diameter, and if another 
straight line be drawn from the same 
point so as to touch the parabola, ai^ 
meet that diameter ; the segment (of 
the diameter) intercepted betwixt the 
ordinate and the tangent is bisected in 
the vertex of the diameter. 

Fig. 6. A being a point of a parabola ; AC drawn 
from A, so as to be ordinately applied to the 
diameter BC, and AD drawn from the same 
point, so as to touch the parabola, and meet 
BC in D ; the segment CD is bisected in B, 
the vertex of BC* 

From the vertex B let BE be drawn paral- 
lel to AD ; it will be ordinately (11. 1.) ap- 
plied to the diameter AE, and the abscissa 
BC will be equal to the abscissa (S. cor. 12. 
1 . ) AE, that is, to BD. 
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Cob. 1. Cmiversely, AC being ordinately book i. 
applied to the diameter BC, if AD be drawn 
making BD equal to BC, AD touches the 
parabola. 

For if AD does not touch the parabola, let 
AF touch it ; FB then is equal to BC : which 
is impossible. 

Cob. 2. If a straight line touches a parabo- 
la, its segment between the point of contact, 
and any diameter, is bisected by a straight 
line touching the parabola, in the vertpx of 
that diameter. 

Let AD, a straight line touching the pa- 
rabola, meet the diameter CB in the point D, 
and the tangent GB in G; let AC be drawn 
parallel to BG ; AC will be ordinately ap- 
plied to the (1 1. !•) diameter CB ; and since, 
by (be proposition, CB is equal to BD, AG 
is likewise equal to GD. 

PROP. XV. PROB. 

To find a diameter, the axis, the latus rec- 
tum of the axis, the focus, and the di- 
rectrix of a parabola given in position. 

c 4 
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BOOK T. Let two parallel straight lines AB, CD be 
^J.tT^ drawn ; let them be terminated in the para- 
bola, and bisected in the points F, £ ; join 
EE, and let it meet the parabola in 6 ; GF 
is (4. con 11. 1.) a diameter. 

Next, in the diameter GF, and below its 
vertex G, take any point H; and through 
that point draw KHL perpendicular to the 
diameter GF, and meeting the parabola in 
the points K, L ; and through M, the middle 
point of KL, draw MN parallel to the diame- 
ter GF, and meeting the parabola in N ; and 
let NO be drawn parallel to MH : then, be- 
cause MN is parallel to GH, it is a diameter : 
but KL is ordinately applied to MN ; there* 
fore NO touches (5. cor. 11. 1.) the parabola 
in N. And because MNO is a right angle, 
MN is (2. cor. 9.1.) the axis : and a third 
proportional to NM, MK is the (IS. lO hUus 
rectum of the axis : and the distance of the 
focus from the vertex of the axis is equal to 
a fourth part of the latus rectum of the axis ; 
therefore the focus is given. After the same 
marner is the directrix found. 



J 
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* BOOK X* 

PROP. XVI. Pbob. ^*"y^ 

The directrix and the focus of a parabola 
being given in position^ to describe the 
parabola. 

Let AB be the directrix, and C the focus^ ng. a 
and with a ruler and string describe the. pa- 
rabola ; or as many points of the parabola as 
may be thought necessary may be thus found ; 
through the focus C draw CB at right angles 
to the directrix, and CB will be the axis : to 
the axis CB draw any perpendicular LG, 
meeting it below its vertex F, and in the same 
axis place CH equal to BG ; CH will thus be 
greater than CG; and from the centre C, 
distance CH, describe a circle, cutting the 
straight line LG in D, d ; these points are 
in the parabol^. 

For the straight line DA, drawn to the di- 
rectrix, so as to be parallel to GB, is equal 
to GB, that is, to CH, that is, to CD j and 
D, therefore, is (2. lO'in the parabola. In 
the same manner it may be shown, that dis 
in the parabola. 



4S CONI€ SICTK0X8. 

BOOK !• Coa. Hence, if the directrix AB of a para* 
bola, and F» the vertex of the axis, be given 
in position, the parabola may be described, 
by drawing FB at right angles to the direc- 
trix, and making FC equal to FB ; for C will 
be the focus (con l. l.) In like manner, if 
the vertex F and focus C be given ; join CF, 
and produce it to B, so that FB may be equal 
to FC ; a straight line drawn through B at 
right angles toBC, will be the directrix : and 
if the axis GF, and its vertex F be given in 
position, and its parameter FK given in mag* 
nitude, the directrix may be found by making 
FB equal to a fourth part of the parameter 
FK, and drawing BA at right angles to the 
same FB. In like manner the directrix may 
be found, if the axis, the focus, and the pa* 
rameter of the axis, be given in position. In 
all these cases, therefore, the parabola may 
be described according to the proposition. 



PROP. XVII. Prob. 

The axis and its vertex, and a point with- 
out the axis, and below its vertex, being 



^iven in po^itian, to cbseribe tSie para* 90ok i. 
bola which wUl pass through that point. 

The axi3 FH, its vertex F, and D a point ^«- «• 
without it, and below the vertex F, being 
given in position ; it is proposed to describe 
the parabola which shall pass through D. 

Draw from the point D, 6D perpendicular 
to the axis, find (11. 6. Elem.) FK a third 
proportional to the two straight lines FG, 
GD; then, taking FB equal to the fourth 
part of it, and making FC equal to FB, draw 
BA parallel to DG; and let a parabola be 
described, having C for its focus, and AB for 
the directrix ; this parabola will pass through 
the point D. For since FG, GD, FK are 
proportionals, the square of GD is equal to 
the rectangle GFK : and FK is the parameter 
of the (def. 6. 1.) diameter FG ; therefore the 
point D (1. cor. 13. 1.) is in the parabola. * 

PROP. XVIIL Prob- 

Two straight lines AB, AC, which meet Fig. 9. 
each other in the point A, being given 
in position, and a straight line D£ be- 
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BOOK I. ing given in magnitude ; to describe a 
parabola yrhich may have AB for a 
diameter, and DE for the parameter of 
AB,. and which the straight line AC 
may touch at the point A. 

Take DF the fourth part of DE, and in 
BA produced, make AG equal to DF, and 
draw GH at right angles to AG ; then, mak- 
ing the angle CAK equal to GAC, and the 
straight line AK equal to AG, describe a 
parabola, which may have K for the focu5, 
and GH for the directrix j AB will be one 
of its diameters, and the parameter of AB 
will be equal to the (def. 4. 6.) quadruple of 
AG, that is, to DE : and since AG is equal 
to AK, the point A is in the parabola ; and 
since the angle GAC is equal to CAK, the 
straight line AC touches the parabola at the 
point A. 

CoR. If from a point L, a straight line LM 
be drawn making a given angle LMA, with a 
straight line AB given in position ; and if the 
square of LM be equal to the rectangle con. 
tained by a given straight line DE, and the 
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segment MA) intercepted between the same book i. 
LM and the given point A; the point L is in '^ r- ^'' 
a parabola given in position. ' Draw through 
the point A a straight line AC parallel to 
LM, describe, according to the proposition, 
a parabola which shall have AB for a diame* 
ter, and D£ for the parameter of AB, and 
which the straight line AC may touch in the 
point A; this parabola is the Jocus of. the 
point L : for since the square of LM is, by 
hypothesis, equal to the rectangle contained 
by MA and DE, and that LM is parallel to 
AC which touches the parabola, and conse- 
quently to straight lines ordinately applied 
to the diameter MA ; the point L is in the 
( U cor. IS. 1 .) parabola. 

PROP. XIX. Pbob. 

A diameter AB, and its vertex A, being ^- ^^ 
given in position, and a straight line 
LM, which meets AB in M below 
the vertex, being giv6n in position 
and magnitude ; to describe a parabola 

< which maj pass through the point L, 
and in which the straight line LM may 
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BOOK u be ordinately applied to the diameter 
AB. 

Through the vertex A draw AC parallel 
to LM, and let DE be a third proportional 
to AM, ML ; and, according to the prece- 
ding proposition, describe a parabola which 
having AB for a diameter, and DE for the pa- 
rameter of AB, and which AC may touch in 
the point A : then, because ML is parallel to 
AC, it is ordinately applied to the diameter AB; 
and because AM, ML, DE are proportionals, 
the square of ML is equal to the rectangle 
contained bv the abscissa AM, and DE the 
parameter of the diameter AB ; and therefore 
the point L is (1. cor. 13. 1.) in the parabola. 

PROP. XX. Prob, 

A diameter of a parabola, and the vertex 
of that diameter, being given in posi- 
tion, and the latus rectum of the same 
diameter being given in magnitude, and 
a point in the parabola being given ; 
to describe the parabola. 
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Let AB be the diameter given in position, book i. 
and A its vertex ; in AB, and above the ver- '^t! ' "^ 

Fig. 10. 

tex A, place the straight line AC equal to 
the given latus rectum ; and let D be the given 
point in the parabola. Suppose what is re- 
quired done J and let AD be the parabola to 
be described : and having drawn the straight 
line AE touching it in A, and meeting the 
diameter drawn through D in the point £, 
complete the parallelogram AEDF: there* 
fore DF is ordinately applied to the diameter 
AB ; and therefore the square of DF, or A£, 
is equal to the rectangle FAC : as, therefore, 
FA or DE to AE, so is AE to AC ; and they 
contain the equal (29. 1. Elem.) angles DEA, 
EACj therefore the triangle DEA is equi- 
angular to the triangle EAC : and thus the 
angle AEC is equal to the angle EDA, or 
FAD. If^ then, upon AC a segment of a 
circle be described, containing an angle equal 
to FAD, the point E will (converse of 21. 8. 
Elem.) be in the circumference of this seg- 
ment. But the angle FAD is given, because 
FA, DA are (26. dat.) given in position ; 
therefore the angle AEC is given : and AC 
is given in position and magnitude; there- 
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BOOK I, fore the segment A£0(8. dd; dat) is given 
in position. The point £, then, is in the cir-* 
cumference of a circle given in position : but 
it is also in the straight line D£ which is 
given in position ; the point £, therefore, is 
given : and the point A is given : therefore 
the straight line A£ is given in position. It 
is possible^ therefore, to describe (18. l.) a 
parabola which may have AB for a diameter, 
and AC for the latus rectum of AB, and which 
A£ may touch in the point A. 

In order to the composition, it is required, 
that a segment of a circle containing an angle 
equal to FAD, be described upon AC, and 
that a straight line drawn through the.point 
D, parallel to AB, meet the circumference 
of that segment. But these conditions it is 
sometimes impossible to fulfil. Hence the 
problem cannot always be solved. 

When the straight line drawn through D 
parallel to AB, is a tangent to the segment, 
the problem admits of only one solution. * 



* In all cases in which the straight line drawn through D 
parallel to AB cuts the circumference of the segment in two 
IK>int8, the problem admits of two solutions. 
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The parabola, and latus rectum of the diame- book u 
ter AB, which solve this case, are determined, 
if a parabola be found having AB for a dia- 
meter, and A for the vertex of AB, and which 
passes through the point D ; and if the latus 
rectum of BA be- such, that a segment of a 
circle described upon it, when placed above 
A, and in the direction of AB, may contain 
an angle equal to BAD ; and that a straight 
line drawn through D, so as to be parallel to 
AB, may touch the circumference of that 
segment: suppose what is required done: let 
AG be the parameter of the diameter AB ; 
a^nd upon AG let the segment of a circle con- 
taining an angle equal to the angle BAI>, 
or ADE, be described ; and let the straight 
line D£ parallel to AB touch the circumfe^ 
rence of that segment in H, and join AL, 
GH : since, then, the angle AHD is equal 
(32.. S. Elem.) to AGH in the opposite seg* 
ment, and that, according to the hypothesis,, 
the angle ADH is equal to AHG ; the tri- 
angles ADH, AHG are equiangular: the 
angle DAH is, therefore, equal to HAG: 
but the angle DAG is given; and, conse* 
quently, its half DAH is given : and the^ 

D 
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BOOK I. Straight line AD is given in position : ther& 
fore AH also is (29. dat.) given in position : 
the point H too is given, where AH meets 
D£ given in position ; and the angle AH6 
is given: hence HG is given (29. dat.) in 
position ; and therefore the point G is given : 
hence the straight line AG is given in mag* 
nitude: since, then, AG in the parabola, 
which passes through the point D, is the 
latus rectum of the diameter AB, of which A 
is the vertex \ because a straight line touch- 
ing the parabola in the vertex of the diameter 
AB, meets, as hath been proved, the diameter 
drawn through D, in the point where this 
diameter meets the circumference of the cir- 
cle, the segment of which, described upon the 
latus rectum of the diameter, passing through 
A, contains an angle equal to ADH; and 
since, in the present case, the diameter D£ 
meets the circumference of this segment in 
H; therefore HA touches the parabola in 
A: and AB, AH being given in position, 
and AG given in magnitude, the parabola, 
according to the 1 8th proposition, can be de- 
scribed. 

The composition of this case is as follows^ 
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Join AD, and through D draw DE parallel book i. 
to AB ; to D£ draw AH, bisecting the angle 
DAG: and through H to AB draw H6, 
making the angle AHG equal to ADH or 
DAB ; and let a parabola be described which 
may have AB for a diameter, and AG for thet 
latus rectum of AB ; and which AH may (18. 
1.) touch in A : this parabola will pass through 
D, and DH will touch the circle described 
about AHG. Draw DK parallel to AH ; and 
since the triangles DAH, AHG are isosceles 
and equiangular, DH,^ HA, AG, and conse* 
quently KA, KD, AO are proportionals ; tb$ 
square of DK is, therefbre, equal to the rec* 
tangle K AG ; and DK is parallel to the tan* 
gent AH : hence the point D is in the (1. 
cor. 13. !•) paralx)la: and because the angle 
AHD is equal to AGH in the opposite seg- 
ment, DH touches (conv. 32» 3. Elem.) the 
circle in H. 

It remains to be inquired, whether the 
parameter AG be greater or less than the 
parameter of the diameter AB in any other 
parabola, having AB for a diameter, and A for 
the vertex of AB, and which passes through 
. D. Let there be any other parabola admitting 

D S 
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BOOK I. of these conditions ; and let A£ touch it in 
A, and meet the diameter passing through 
D in the point E, and the circle 6HA in L: 
having joined LG, draw EC pandlel to it ; 
draw also DF parallel to EA ; DF, therefore, 
is ordinately applied to the diameter AB z 
and because the angle ADE is equal to the 
angle AHG or ALG, that is, to AEC, and 
that the angle DEA is equal to EAC, the 
triangle EDA is equiangular to the triangle 
AEC : therefore the straight lines D£, EA» 
AC, that is, AF, FD, AC are proportionals ; 
the square of DF, is, therefore, equal to the 
rectangle FAC : and for this reason, AC is 
the parameter of the diameter AB in this pa* 
rabola. And because D£ touches the circle 
in H, AL is less than AE ; and therefore AG 
is less than AC : therefore AG is the least of 
all the possible parameters of the diameter 
AB, in parabolas which have AB for a dia* 
meter, and A for the vertex of AB, and which 
pass through D. 

After the same manner it may be shown, 
that in any parabola whatever, which answers 
the conditions of the proposition, the laius 
rectum of the diameter AB is greater or less. 



.• 
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according as the tangent drawn through A, book i. 
and situated on either side of the tangent 
AH, is more remote from, or nearer to, the 
same AH. 

To proceed to the composition of what was 
analysed in the first case : if the proposed 
parameter be equal to AG, found in the man* 
ner above, mentioned, the parabola, as hath 
been shown, may be described, and will be 
the only one that can fulfil what is required 
in the problem. If, next, the proposed para- 
meter be less than AG, it is impossible to 
construct the problem : or if the proposed 
parameter, for e^cample, AC, be greater than 
AG; upon AC describe the segment of a 
circle containing an angle equal to ADH, or 
DAB; and since DH touches the circle 
AHG, it must cut the segment described 
upon AC in two points: let £ be one of 
them ; and join A£; and let a parabola (18. 
1.) be described, having AB for a diameter, 
and AC for the parameter of AB, and to 
which the straight line A£ may be a tangent ; 
and draw DF parallel to A£ ; then it may be 
shown, as above, that D£, £A, AC, that is, 
that AF, FD, AC, are proportionals; and 

D 3 
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BOOK u therefore the square of DF is equal to the 
rectangle F AC, contained by the abaciMa FA 
and the parameter AC ; and that, conaequent- 
]y, the parabola passes through the point !)• 
Hie same thing may be demcmstrated with 
rq;ard to the other parabola, which has for a 
tangent the straight Une joining A, and the 
other point of intersection e. And aa, in the 
investigation of the problem, it has been prov- 
ed, that the angles GAH, HAD are equal ; 
the angle AKD is, therefore, equal to ADK ; 
and, of consequence, AK is equal to AD : 
but AG is a third prc^rtional to AK, KD, 
or to AD, DK ; that is, the least parameter is 
a third proportional to the straight line which 
joins the vertex of the diameter given in po- 
sition and the given point ; and the straight 
line which is drawn from the same point to 
the diameter, so as to cut off from the dia- 
meter a segment equal to the first propor* 
tionaL 



THB PARABOLA. SS 

BOOK I* 

The fir$t nine definitions in the first book 
ofApoUonius of Perga^s Conic Sections. 

Ap. Def. 

1. VIII. If a straight line joining any 
point and the circumference of a circle not 
in the same plane with the point, be produced 
from the point in the opposite direction^and 
then, while the point remains fixed, be carried 
round in the direction of that circumference 
till it return to the place from whence the 
motion commenced ; by the revolution crf'that 
straight line, a surface, called the conicai sur^ 

fMe^ and which consists of two surfaces con- 
nected together at the fixed point, will be 
described. The two connected ^urifaces may 
each of them be infinitely increased, if the 
straight Xxnt with which tliey are described be 
produced both ways to an infinite distance. 

2. IX. The fixed point is called the vertex 
of the conical surface* 

3. X. The stra^ht line drawn through the 
point and the centre of the circle is called (he 
aais. 

4. XL The figure contained by the circle, 

D 4 
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BOOK I. and the surfsice which is intercepted between 
*-^ ^'^^ the vertex and the circumference of the cir- 
cle, is called the cone. 

5. XII. The same fixed point, which is 
the vertex of the surface of the cone, is named 
the vertex qfthe cone. 

6 • XIII. The straight line drawn from the 
vertex to the centre of the circle, is called 
the OMS qfthe cone. 

7. XIV. And the circle itself is named 
the base qfthe cone. 

8. XV. Cones which have their axis at 

right angles to the base, are called righP^mgled 
cones. 

9. XVI, And cones which have not their 
axis at right angles to the base, are called 
scalene cones. 

PROP. XXI. {Prop. \.B.\. ApottJ 

Straight lines drawn from the vertex of 
the surface of a cone to points in that 
surface, are in that same surface. 

Fig. 11. Let there be the surface of a cone : let A 
be its vertex ; and having taken any point B 
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in that surface, join AB : the straight line AB book i. 
is in that same surface* 

For, if possible, let ACB be a straight line 
drawn from the vertex A to the point B, 
and which is not in the surface of the cone ; 
and let DE be the straight line with which 
the cone is described, and the circle £F the 
base ; and if D£ be revolved in the circum^ 
ference of EF, it will pass through the point 
B and the vertex A ; and thus two straight 
lines ACB, AG B will have the same extremi- 
ties : which is absurd. Therefore the straight 
line drawn from the point A to B, is not 
without the conical surface i therefore it is 
in that surface. 

Cob. a straight line drawn from the vertex 
of a cone to any point within the surface, falls 
within the surface ; but if drawn from the 
vertex to any point without the surface, it 
falls without the surface. 

PROP. XXII. CProp. S.B.l. ApollJ 

If a cone be cut by a plane passing through 
' its vertex, the section is a triangle. 



S8 CONIC 8BCTI0NS. 

BOOK T. Let there be a cone which has the point A 
^^ ^ for its vertex, and the circle BDC for its 
base i let it be cut through the point A by 
any plane ; and let the sections made in the 
sur&ce be the lines AB, AC, and the section 
in the base the straight (3. 11. Elem.) line 
BC ; ABC is a triangle. 

For since the straight line drawn from the 
point A to B, is both in the cutting plane 
and in (21. l.) the conical surface, it is the 
common section of the two ; therefore the 
section AB is a straight line : for a like rea- 
son, the section AC is a straight line ; and 
BC too is a straight line : therefore the sec- 
tion ABC is a triangle. 

PROP. XXIII. fProp. 4. B. 1. JpoU.J 

If tbe conical surface on either side of the 

vertex be cut by a plane parallel to the 

circle which is the base of the cone ; the 
common section of this plane with the 

conical surface is a circle having its cen- 
tre in the axis ; and the figure contain^ 
ed by this circle^ and that part of the 



ec^nicftl surfmce which is intercepted be^ boom u 
tween it and the vertex, is a cone. 

Let there be a conical surface the vertex Fig. is. 
of which is A, BC being the circle in the cir- 
cumference of which the straight line revolves 
which describes the suTface ; let it be cut by 
any plane parallel to the circle BC, and let. 
this plane make in it a section DLE : The 
line DL£ is the circumference of a circle the 
centre of which is in the axis. Take the cen- 
tre of the circle BC, and let it be F; join 
AF } AF, consequently, is (def. la) the axis, 
and meets the cutting plane ; let it meet it in 
G ; next, let any plane pass through the same 
AF; and the section made by this plane will 
be (22. 1.) a triangle A6Q And because the 
points D, 6, E are all in the butting plane 
DL£, and in the plane ABC, DG£ is (3. 11- 
Elem^ a straight line. Again, in the line' 
DLE take any point H \ join AH, and pro- 
duce it; AH then will (^1. 1.) meet the cir- 
cumference BC; let it meet it in K, and join 
GH, FK: and because the two parallel 
planes DLE, BC are cut by the plane ABC, 
their (16. 11. Elem.) common sections with it 
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BOOK I. are parallels : DE, conaequently, is parallel 
to BC ; and, for the same reason, 6H is pa- 
rallel to FK : therefore, as AF to (4. 6. £« 
lem.) AG, so is FB to GD, FC to GE, and 

FK to GH ; and the three straight lines BF, 
KF, CF are equa] ; therefore the three straight* 
lines DQ, GH, GE (14. 5. Elem.) are also e- 
qual. After the same manner it may be de- 
monstrated, that any other straight lines what- 
ever, drawn from the point G to the line DLE, 
are equal. The line DLE is, therefore, the 
circumference of a circle having its centre G 
in the axis. 

CoR. The figure contained by the circle 
X)LE, and that part of the conical surface 
which is intercepted between this circle and 
the point A, is a cone ; and the common sec- 
tion of the cutting plane and the triangle 
passing through the axis, is a diameter of the 
circle DLE. 

PROP. XXIV. (Prop. 5.B.I. ApollJ 

If a scalene cone cut through the axis by 
a plane at right angles to the base, be 
cut also by another plane at right angles 
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to the triangle passing through the axis ; book i« 
if this other plane cuts off, towards the 
vertex, a triangle similar to the triangle 
through the axis, hoth triangles being 
in o»e pl«.e, but sub-cntraray situ.- 
ted ; the section made in the cone by 
this other plane is a circle. 

Let there be a scalene cone, the vertex of Fig. li^ 
which is the point A, and the base the circle 
BLC ; let it be cut through the axis by a plane 
perpendicular to the base, an{l let the section 
be the triangle ABC ; let it be also cut by ano- 
ther plane at right angles to the triangle ABC ; 

« 

and let this other plane cut off, towards the 
vertex, the triangle A6K similar to the tri- 
angle ABC, but * sub-contrarily situated ; and 
let the section made in? the surface be the line 
GKH : This line is the circumference of a 
circle. 

In the lines GHK, BLC take certain points 



* The meaning is this : Uie base GK is to be so plaoed» that 
it Toaj make the angle AKG, and not the angle AGE, equal to 
the angle AfiC. 
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BOOK I. H, L9 from vhtdi let perpendiculars be drawn 
to the plane of the triangle ABC ; these per- 
pendiculars will (38.1 1 . Elem.) fall on the com- 
mon sections of the planes : accordingly, let 
them be HF, LM : HF, therefore, is parallel 
to (6. 11. Elem.) LM: next, through F draw 
PFE parallel to BC : the plane, therefore, 
which passes through FH, PE is parallel to 
the (IS. 11. Elem.) base of the cone j and, for 
this reason, the section DHE is (23. 1.) a cir- 
cle, of which DE is a diameter: the rectangle, 
therefore, contained by DF, FE is (35. a E- 
lemO equal to the square of FH. And since 
ED is parallel to BC, the angle ADE is equal 
to the angle ABC ; and the angle AKG h 
placed equal to the angle ABC ; therefore the 
angle AKG is also equal to ADE : and the 
angles at F are equal, for they are opposite 
vertical angles ; therefore the triangle DFG 
is similar to the triangle KFE : therefore as 
EF to FK, so is GF to FD ; therefore the recr 
tangle EFD is equal to the rectangle KFG. 
But the rectangle EFD, (that is, the rectangle 
^ contained by DF, FE,) has been proved to 
be equal to the square of FH ; therefore the 
rectangle contained by KF, FG is equal to 
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the same square of FH. It may, in like man« book i. 
ner, be demonstrated, that the square of any 
straight line whatever, drawn from the line 
GHK9 so as to be perpendicular to GK, is 
eqilal to the rectangle contained by the seg- 
ments into which that straight line divides the 
flame GK : the section GHK is, therefore, a 
cirple having GK for a diameter. * — ^A section 
of this kind may be named a sulhcontrary sec- 
tion. 

PROP. XXV. 

If a cone cut through the axis by a plane, 
be cut likewise by another plane, cut- 
ting its base in the direction of a straight 
line perpendicular to the base of the 
triangle passing through the axis ; and 
if the common section of the triangle 
through the axis, and of the plane cut- 
ting the base of the cone in the direction 
of the perpendicular, be parallel to one 



* See the Umtna placed at the end of thi« book. 
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BOOK I. of the sides of the triangle through the 
axis ; the line which is the common 
section of the plane cutting the hase, 
and of the conical surface^ is a para]bo- 
la, having for a diameter the straight 
line which is the common section of the 
triangle through the axis, and of the 
same plane cutting the base. 

Fig- 15- Let there be a cone, the vertex of which is 
the point A, and the base the circle BC ; let 
it be cut through the axis by a plane, and let 
the section be the triangle AfiC ; let it be 
also cut by another plane, cutting its base in 
the direction of the straight line DE perpen- 
dicular to the straight line BC ; let the line 

^ DFE be the section made in its surface ; and 

let F6, the common section of the triangle 
through the axis, and that other plane, be 
parallel to AC, one of the sides of that tri- 
angle : the line DFE is a parabola, and FG 
one of its diameters. 

In the section DFE take any point H, and 
through H draw HK parallel to DE to meet 
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FG in K ; and through K draw LM parallel book i. 
to BC : therefore the plane passing through 
HK, LM is (15. 11. Elera.) parallel to the 
plane through DE, BC, tba,t is, to the ba$e 
of the cone : and, consequently^ the plane 
through HK, LM is a (23. 1.) circle of which 
LM is a diameter. But HK is perpendicular 
to LM, (10. 11. Elem.) because DE .is per- 
pendicular to BC: therefore the rectangle 
LKM is equal to the square of HK (35. 3. 
Elem.); and, in like manner, the rectangle 
BGC is equal to the square of DG : there- 
fore the square of DG is to the square of HK, 
a6 the rectangle BGC to the rectangle LKM ; 
and GC is. equal to KM ; consequently the 
rectangle BGC is to the rectangle LKM, as 
BG to LK, that is, as GF to KF: therefore 
the square of DG is to the square of HK as 
the straight line GF to the straight line KF. 
Let a parabpla (19. 1.) be described, which 
may have GF for a diameter, and F for the 
vertex of GF, and in which DG iQay be or- 
dinately applied to the same GF: and because 
the point D, by construction, is in the para- 
bola described, the point H is likewise in this 
same parabola (2. cor. 13. l.)i And the same 

E 
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BOOK 1. thtQg may be demonstrated with regard to all 
^ ^ ^^ the points erf the section DFE. 

The second Lemma of Pappus^ as U is 
extant in the first book of ApoUonius^s 
Conic Sections, 

rig. 16. Let ABC be a line, and let AC be a 
straight line given in position ; and let 
all the straight lines drawn from the 
line ABC, so as to be at right angles 
to AC, be such, that each of tbem may 
have its square equal to the rectangle 
contained by the segments, into which 
it cuts AC ; ABC is the circumferenee 
of a circle, and AC a diameter of that 
circle. 

From the points D, B, E draw perpefMH- 
culars DF, BG, £H : then the square of DF 
is equal to the rectangle AFC, the square of 
BG to the rectangle AGC, and the squar6 of 
£H to the rectangle AHC. Bisect AC in 
K, joining KD, KB, KE : then, since the 
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rectangle AFC, together with the square of book i. 
FK, 18 equal (5. 2. Elem.) to the square of 
AK, and that the square of DF is, by hypo- 
thesis, equal to the rectangle AFC ; the square 
of DF, tc^ether with the square of FK, is 
equal to the square of AK: consequently, 
the square of DE (47. !• Elem.) is equal to 
the same square of AE : AE, also, is eqdal 
to ED. In like manner, each of the straight 
lines BE, £E may be proved to be equal to 
AE or EC ; consequently ABC is the cir* 
cumference of a circle which has the point 
E for its centre, and is described about AC 
as a diameter. 
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OF THE ELLIPSIS. 



DEFINITIONS. 

BOOK 11. 1. Xf in two points D, £» taken in a plane, 
are fixed the ends of a string, the length of 
which is greater than the distance between 
these points; and if the point of a pin H ap- 
plied to the string, and held so as to keep it 
uniformly tense, is moved round, till it return 
to the place from whence the motion began : 




J 
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the point of the pin, as it moves round, de- book ii. 
scribes upon the plane a line called the £l* 

UPSIS* • . 

II. The points D, E are named the Jbci r> 

III. The point C which bisects the strai^t 
line between the foci, is named the centre of 
the ellipsis. 

IV. A straight line passing through the 
centre, and terminated both ways by the eU 
lipsis, is named a diameter; and the points 
where a diameter meets the ellipsis, are named 
the vertices of that diameter. 

V. The diameter which passes through the 
focij is named the greater eucis. 

VI. The diameter perpendicular to the 
greater axis^ is named the lesser axis. 

VII. Two diameters, each of which bisects 
all straight lines in the ellipsis that are paral- 
lel to the other, are named conjugate diame-. 
ters. 

VIII. A straight line not passing through 
the centre, but terminated both ways by the 
ellipsis, and bisected by a diameter, is said to 
be ordinately applied to that diameter, or it is 
named, simply, an ordinate to that diameten 

* 

Also a diameter parallel to a straight line or* 

E 3 
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BOOK IK dtnately applied to another diameter, h sMd 
-^^mf' to he ardmatebfapplkd to thBt Other disMBeier. 

IX. A third proportional to two conjogate 
diameters is called the Jatus reefum^ or the 
jMrnmefer, of that diameter, which is th^ifirst 
of the three proportionals. 

X. A straight line which meets the ellipsis 
only in one point, is said to toa^ it in that 
point. 

PROP. L Theot. 

If two stjaight lines Ibe drawn froiti my 
point in an ellipsis to the foci, they 9Xt 
together equal to the greater axis. 

* 

^- 1- Thi two straight lines HD, HE drawn from 
H, a point in an ellipsis, to the foci D, E are 
together equal to AB the greater axis. 

Because H is a point in the ellipsis, HP9 
HE are together equal to the length of the 
string with which it is deacribed ; ^nd because 
the point A is likewise in the ellipsis, DA, £A 
are together equal to the length of the s|;ring- 
For a like reason, £B, DB are together equ$4 
to the same length : DA, EA are, thereforci 
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ciquai to BB» BB. Take away tbe cotamon BMi u. 
pattDSi und ibe rema^dw, twice AD, w$ 
be ^ual' to the lemaiDder twice £B: AD, 
therefore^ is equal to EB. Add the ooaMiOB 
pfirfi AE ; arid AD, tegetfaer with Afivwill be 
equal to the gi^ftet anis : but AD, togeiher 
with A£^ k e^tMl U> the length of the struag, 
that ill, to HD together witli HE i therefoi^ 
HD and HE are together equal to the gleatm* 
a^i»AB. 

Cc(B. }• The greater axis k bisected lo thd 
oetitte C. For ftinoe (def. S.) DC is iquai to 
£C, and that DA i9 equal to £B; ACisequal 
to CB. 

CoR« 8* Two straight lines drawn from a 
point without an ellipsis to the fbc}, are to^ 
gether greater than the greater axis ; but if 
drawn from a point within an ellipsis to the 
foci, they are (20. l. Elem.) together less than 
that axis. 

CoR. S. A point is either in, without, or 
within, an ellipsis, according as two straight 
litres drawtt from it to the foci are either equal 
to^ greater, or less, than tber greater a^tis. 

Cor. 4. The distance of either vertex F, or 

B 4 
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BOOK II. G of the lesser axis from eitber of thefiieiyjr. 
-^'ei^ual to half the greater axis. Jotn.GD, GJS: 
theO) because CD is equal to C£, and C6 
comiDon, and the aBgtes at C right angles; 
the .triaDgfe CDG is equal to the tHangle 
CEG J therefore DG is equal to EG : but 
IXx and £G are together equal to the greater 
axis ; therefore each of them is equal to the 
half of it. : . 

Cor. 5. The lesser axis FG is bisected in 
the centre. Draw straight lines DF, DG from 
theffocus D to the vertices of the lesser axis; 
then DF, DG, by the preceding corollary, 
-vrill be equal; the angle DFC is, therefore, 
equal to DGC, and (def. 6.) DCF, DCG are 
right angles; therefore CF is (26. 1. Elem.) 
equal to CG. 

PROP. 11. Theob. 

The square of half the lesser axis is equal 
to the rectangle contained by the seg- 
ments of the greater axis, intercepted 
between the vertices of that axis and 
either of the foci. 
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JProm ekfaer foetus asfi to. either verfex; of book ii. 
the lesser mk% as G, draw the straight line ^j^.JT^ 
6E ; let C be the centre of the ellipsis, and 
A, B the vertices of the greater aids : then 
the squares of GC, CE are together equal to 
the square of GE, that is, to the square (4. 
cor. 1. 2.)of CB, that is, to the rectangle A£B 
together with the square c^EC (5. 2, Elem.) : 
take away the common square of CE, and the 
remaining square of GC will be equal to the 
remaining rectangle AEB. 

PROP. III. Theok. 

Every diameter of an ellipsis is bisected 
. in the centre. 

Let HK be a diameter ; it is bisected in Fig. %. 
the centre C : for if CK be not equal to CH, 
let Qk be equal tx> CH ; and from the points 
H, K, k draw straight lines to the foci D, £ : 
then, because CD is equal to CE, and that 
C* is made equal to CH j the triangle DCH 
is (4. 1. Elem.) equal to the triangle ECAr, and 
the base DH to the base EA:. In the same 
manner,* EH is shown equal to DAr : therefore 
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BOM II. E£) Dk an together €qtMl to DH and H£ 
together, that », to £K and DK togetiiOf : 
which is (^1. 1. ETemOabfliUrd ; therefore CH 
IS equal to CK. 



PROP. IV. Thkor. 

Kb, straight line be drawn from a point in 
an ellipsis, at right angles to the greater 
axis ; and if another straight line be 
drawn from the same point to the near- 
est focus; half the greater axis is to the 
distance of this focus from the centre, 
as the distance between the centre and 
the perpendicular is to the excess of half 
the greater axis above the stiraight li&e 
drawn to this same focus* 

« 

Fig. 1. From Hy a point in an ellipsis^ let UK bt 
drawn perpendicidar to the greateir axis AB^ 
HE being df awn from the same point to the 
focus £ : then CB, the half of the greater 
axis^ is to . CE, the distance of the focu9 E 



from die J06iitee» as C!K» tbdidiitaaoe between book 
th^ centre.C, and the pecpetidicular HK, si 
to t)ie ^xc«s8 of CB above HE. 

Hwing made BL equad :to JE^, and drawn 
HD to the other foeust defitcribe fi*om thrcen- 
tre Hy distance H^, ft circle meeting £he atiii 
AB again in 0,*aiid the strai^t line DH in 
the points M, N : then, because D£ 19 the 
double of C£, ^d 0£ the double of (S« S« 
Elem.) KE, the whole, or the remainder, 
DO, is doubly the whole, or the remainder 
CK : and because DN is equal to DH toge- 
ther with HE, that is, to (K 2.) AB, there- 
fore DN is the double of CB : but MN is the 
double of HE or LB; therefore the r^fiain- 
der DM 19 double the remainder CL : and 
because of the circle, the rectangle NDM is 
(cor. 36. S. Elem.) equal to the rectangle 
EDO: dierefcM^e, as (16. 6. Elem.) ND or 
A$ to D£, so is DO to DM : but the hal vea 
of magnitudes have the same ratio tto one 
another which the wholes have : as therefore 
CB to C£, so is CK to CL, the eiccess of CB 
above LB, or HE. 

Cob. If in % straight line AB given in po- . ^^ *• 
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BOOK in ution and nuigmtode, and trisected in C, a 

point £ be taken between the points B^ C ; 

and from a point H, KH be drawn perpen* 

dicolar to AB; and HE be joined, and BL 

placed equal to it towards the point C : and 

if jCL, CK, CE, BC be proportionals, and L, 

K be on the same side of C ; the point H is 

in an ellipsis given in position, that is, in an 

dlipsis that has AB for the greater axis, and 

the point E for one of the foci. 

Make AD equal to BE, and, as directed in 
the first definition, describe an ellipsis that 
shaQ have AB for the greater axis, and the 
points D, E for the . foci ; the point H will 
be in that ellipsis : for, if not, let KH meet 
the ellipsis in the point Q ; join EQ, and make 
BR equal to it : therefore, by the proposition, 
as CR to CK, so is C£ to CB ; but by hypo- 
thesis, CL is to CK as CE to CB } therefore 
CR is to CK asCL to CK : CL, therefore,is 
equal to CR ; which is absurd : the dlipsis, 
therefore, meets not the stra^ht line KH in 
Q; nor, as may in like manner be proved, 
does it meet HK in any other point on the 
same side of AB than the point H. There- 
fore the point H is in the ellipsis. 



^ 
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PROP. V. Thkor. 

The same construction remaining, if from Fig. i. 
the vertex of the greater axis nearest to 
H, the part BL be taken equal to the 
distance of H from the focus E ; the 
square of the perpendicular HK, is 
equal to the excess of the rectangle 
AEB, contained by the segments into 
which the axis is divided in the point 
E, above the rectangle DLI^, contained 
by the segments into which the distance 
of the foci is divided in the point L. 

For since the straight line CB is cut into any 
two parts in the point L, the squares of BC, 
CL are together equal (?• 2. Elem.) to twice 
the rectangle BCL, together with the square 
of BL, that is, tQ twice (preced. prop, said 
16. 6. Elem.) the rectangle ECK, together 
with the square of BL, or HE, that is, to 
twice the rectangle ECK, together with the 
squares of KE, KH, that is, to the (7. 2. E- 



W GOMie nrrioari. 

iMi u^lem.) squares d'EC, CK, and KH together : 
the squares, therefore, of BC, CL are toge* 
ther equal to the squares of EC, CK, and KH 
together : but the squares of BC, CL are to» 
gether equal (5. 2. and 2. ax. Elem.) to the 
rectangle AKB', fogethef with the siquar6s of 
CK, CL, and the: squares of EC, CK,. and 
KH together are equal (5. 3; and 2. ax. E- 
lem.) fccvUie rectangle DLE, together with the 
squares of CL, CK, KH : therefore the rec 
tangle AKB, together with the squares of 
CK, CL, are equal to the rectangle DLE, 
together with the squares of CL, CK, KH : 
from these equals take away the common 
squares of CK, CL, and there will remain the 
rectangle AKB, equal to the rectangle DLE, 
together with the square of HK; conse- 
quently, the square of KH is the excess of 
the rectangle AKB above the rectadgle DLE. 

PROP.VL Theor. 

If a straight line be drawn from a point of 
an ellipsis, perpendicular to either axis ; 
the square of that axis is to the square 
of the other axisi as the rectangle con* 
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tained by the segmentg of the first men^ mos ii. 
tioned axis is to the square of the per- 
pendicular. 

i 

Let H be the point, in the eUipsis, from |^* J; 
which the straight line is drawn perpendicu- 
lar to either axis, &c. 

First, let HK be perpendicular to AB the 
greater axis ; the square of AB is to the square 
of FG as the rectangle AKB to the square of 
HK, Having drawn to the foci D, £ two 
straight lilies HD, HE, place, from the ver« 
tex of the greater axis, and towards the cen- 
tre C, the straight line. BL equal to HE the 
lesser of them} and because CB» CE, CK, 
CL, are (4s S.) proportionals, their squares are 
also proportionals : but the square of CB is 
(5. 2. Elem.) made up of the square of CK 
and the rectangle AKB ; and the square of 
C£ of the (5. 2. Elem.) square of CL and the 
rectangle DLE ; therefore the square of CB. 
is (4. of this and 19. 5. Elem.) to the square 
of CE, as the remaining rectangle AKB to 
the remaining rectangle DLE ; and, by cour 
version, the square of CB is (5* 2. Elem.) to 
the rectangle A£B, as the rectangle AKB to 
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BOOK II. its excess above the rectangle DLE, that is, 

'"^ ' as the rectangle AKB to (preceding prop.) 

the square of KH : but (2. 2.) the rectangle 

AEB is equal to the square of CF : therefore, 

as the square of CB to the square of CF, so 

is the rectangle AKB to the square of KH; 

the square, therefore, of AB is to that of FG, 

as the rectangle AKB to the square of HK. 

^%- 1- In the other case, let HP be perpendicular 

to the lesser axis ; the square of FG is to the 

square of AB, as the rectangle GPF to the 

square of HP. The square of CB, as hath 
been proved, is to the square of CF, as the 

rectangle AKB to the square of HK or PC : 

consequently the square of CF (prop. B. and 

19. 5. Elem.) is to the square of CB, as the 

rectangle FJPG to the square of CK, that is, 

as the rectangle FPG to the square of HP. 

Cor. 1. Hence the squares of straight lines 
cirawn from points of an ellipsis perpendicular 
to either axis, are to one another as the rectan- 
gles contained by the segments of that axis. 
Fig. 2. For let HM, PQ be perpendicular to the axis 
AB in Mand A ; and, by the proposition, the 
rectangle AMB is to the square of HM as 
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the square of AB to the square of FGj that book ii. 
is, as the rectangle AQB to the square of '^ ^ ^^ 
PQ; and, alternately, the rectangle AMB is 
to the rectangle AQB, as the square of HM 
to the square of PQ. 

Con. 2. If a circle be described upon either Fig. t. 
axis as a diameter, and MH, QP perpendi- 
cular to that axis, meet the circumference in 
the points N, R; these perpendiculars be- 
tween the axis, and the circumference of the 
circle, are to one another as their segments 
between the axis and the ellipsis: for the 
rectangles AMB, AQB are equal (35. 3. E- 
lem.) to the squares of MN, QR, each to 
each : therefore the square of MN is to the 
square of QR, as the square of MH to the 
square of QP j consequently the straight lines 
MN, QR, MH, QP themselves are also (22. 
6. Elem.) proportionals. 

PROP. VII. Theor. 

- . ■ ' V • • • 

Every straight line terminated both ways 

in an ellipsis, and parallel to either ax- 

is, IS bisected by the other axis ; that 

is, the axes are conjugate diameters. 

F 



8S CONIC SECTIONS. 

soos: II. Let HL be parallel to the axis FG, and 
"^jj^ meet the other axis AB in M, and the circle 
described upon AB in the points N| O ; then, 
as MN to MO, (2. cor. preceding prop.) so is 
MH to ML : and because NO is. cut at right 
angles by AB, MN is equal to (& 3» Elem.) 
MO ; therefore MH is also equal to ML. 

PROP. VIIL Thbor. 

Every straight line terminated both ways 
in an ellipsis, and. bisected by one axis, 
is parallel to the other. 

Fig. «• If the straight line HP is bisected in S by 
the axis FG^ it is parallel to the other axis 
AB. Draw HM, PQ parallel to FC, and let 
them meet the circle described upon AB in 
the points N, R; then, because HM, FC, 
PQ are parallels, as HS to SP, so is MC to 
CQ ; but HS is equal to SP ; therefore MC 
is equd to CQ; consequently MN is {14. 3. 
Elem.) equal to QR ; and therefore HM is 
equal to (2. cor. 6. 2.) PQ : but HM is also 
parallel to PQj therefore HP is (SS* 1. E- 
lem.) parallel to MQ. 



Cob* Hence strai^t lines HM, FQ, paraU book u. 
M to either axis fQf and whidi out off be* 
tween ti)e centre and the poioit if here tfaey 
terminate in the ctites a&is^ equal segtn^nta 
MC, QC of this other axis,, are equal to endu 

othen and, on the- dontrarjr, if HM9 PQ be 
equal to each other, and parallel to either 
axis, they cut off (2. cor. 6. 2. and 14. S. 
]E3ein.) equal segments MC, QC of the other 
axis. 

PROP. IX. Thedb. 

Of all diameters ihe greater axis Is the 
greatest, and the lesser axis the least ; 
and a diameter which is nearer to the 
greater axis, is gr^eater than pne more 
r^aouDte. 



Lot CB be half the grftater axis, a^nd FC Fig. 2. 
half the lesser ; let CH be any other semi- 
diamieter, and draw HM at right angles to 
CB : md b^cwise thejsquare of CB is to the 
square of CF as the rectan^ AMB to the 
square of HM, and that (4. cor. 1. 2.) CB is 

P 2 
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aooK II. greater than CF ; therefcure the rectwigle 
'~'» ~' AMB is greater than the square of HM : to 
these unequals add the common square cf 
CM ; and the square of CB (5. 2. Elem.) wfll 
be greater than that of CH (47. 1 • Elem.) ; 
and consequently the. straight line CB will 
be^reater than CH. Next, draw HS at right 
angles to the lesser aKis# and it may, in. the 
same manner, be demonstrated, that CF is 
less than CH: therefore, of all semidiame- 
ters, CB is the greatest, and CF the least. 
FJg. 2. Let CT be more remote from the greater 
axis than CH ; and then CH will be greater 
than CT : draw TV parallel to HM, and let 
it meet AB in V, and the 'ellipsis again in X, 
and let HZ be parallel to MV, and make CQ 
equal to CM. 

Because the rectangle AVB, which con- 
sists of * the rectangles AMB and QVM, is 



* This IB demonstrated in prop. 31. book 7. of Pappus Alexan* 
See fig. 2 drinns. The proposition is to this purpose. *< If in a straigl^t 

of this i^Q ^^ (^Q equal straight lines AQ, BM be taken, and also any- 
book. 

point y between Q and M ; the rectangle AVB is equal to the 

I'ectangles AMB, QVM together.** For AB being bisected in 

C> the rectangle AVB, together with the square of CV, is (5. f. 

Elem.) equal to the square of CB, that is, to the rectangle AMB, 
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to the square of VT, which (5. 2. Eletn.) is book it 
made up of the square VZ and rectangle 
TZX, as (!• con 6. 2.) the rectangle AMB 
to the square of MH or VZ j the whole the 
rectangle AVB, is to the wirole the square of 
VT, as (19. 5. Elem.) the remaining rectan- 
gle QVM to the remaining rectangle TZX : 
but the rectangle AVB is (6. of this and prop. 
A. S. Elem.) greater than the square of VT ; 
therefore the rectangle QVM is also greater 
than TZX. To these unequals add the square 
of CV, and the square of CM (5. 2. Elem.) 
will be greater than the rectangle TZX toge- 
ther with the square of CV. Add to th^ same 
unequals, the square of MH or ZV, and the 
squares of CM, MH together, will be greater 
than the squares of VT, VC together ;. that 
is, the square of CH is greater than the square 
of CT J consequently CH is greater than CT. 



together with the square of CM (5. 2. Elem.) that is, to the rec* 
tangle AMB, t<^ther with the rectangle QVM, and the square 
of CV (5. 2. Elem.) Take awaj the common square of CV, and 
the remaining rectangle AVB is equal to both the remaining 
rectangles AMB, QVM. 



K 3 
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•OOS II. 

'^v^ LEMMA I. 

Fig. 3. 4. j£ g^ point A be taken in a straight li 

AE^ and two parallels BC, D£ be drawn 
on the same side of AE^ and 6n the 
Silitie side of the point A, of 6n the 
contrary sides of AE, and on the con- 
trary sides of the point A ; if these 
parallels have the same ratio to each 
other, as the segments of AE, which 
are intercepted between them and the 
point A ; the extremities B, D of the 
parallels and the point A are in the 
same straight line, 

Fig.s. In the one case^ complete the parallelo^ 
grams AB^ AD ; which are similar, and bavQ 
the angle at A common : consequently they 
are about the same (26. 6* Eletn.) diameter, 
that is, the points A, B, D are in the same 
straight line. 

Fig. 4. In the other case, join BA, DA : and be- 
cause BC is to CA as DE to EA, and the 
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angle BCA equal U> DBA, the triani^es book n 
ABC, ADE are equiangular (6. 6. Elem.) ; 
consequently the angle EAD is equal to the 
«Qg^e CAB : and therefore AB» AD make 
(H* I, Elem.) one straight line. 

LEMMA 11. 



If two parallel straight lines AC^ BD be Fig. 5.6. 
drawn from two points A, B, and other 
two parallels AE, BF, from the same 
points, coinciding or not with the pa- 
rallels AC, BD, and having the same 
ratio to each others the pa«Ilels AC. 
BD, and lying on the same side of AB, 
or on the contrary sides of it, according 
as the parallels AC, BD are on the 
same side of AB or on tl^e contrary 
^ides of it ; and if a straight line be 
drawn either through the extremities 
of the two first, or two last of these 
parallels, the point 6 where it meets 
AB, is in the same straight line with 

F 4 
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BOOK II. the extremities of the other two paral- 
' lels. 

Let a straight line be drawn through C,D 
the extremities of the parallels AC, BD, and 
let it meet the straight line AB in the point 
G ; the extremities, £, F of the other two 
parallels AE, BF, and the point G, are in the 
same straight line. For since the triangles 
AGC, BGD are equiangular, AG is to BG 
as AC to BD : but AC is to BD (by hypothec 
sis) as A£ to BF ; therefore AG is to BG as 
AE to BF : consequently, by the preceding 
lemma, the points G, E, F are in one and the 
same straight line. Also, if a straight line be 
drawn through the extremities E, F of the 
parallels AE, BF the point where it meets 
AB, and the extremities C, D of the other 
two parallels, are in the same straight line. 



LEMMA III. 



10. 11. 



Fig. 9. The same things being still supposed as in 
the second lemma, if through the ex- 
tremities of either of the two parallels 



PLATE W. 



m 



m ^ ' ■ - ■ 



S 



•-*■ 



fig. 3. 




•i 



^11 



m 



w 






. THB SLUP81S. 89 

two straight lines be drown parallel to book ii. 
each other, and intersecting AB ; the 
straight lines that join the two points 
of intersection, and the corresponding 
extremities of the other two parallels, 
are likewise parallel. 

Let CH, DK be drawn parallel to each 
other through the extremities C, D, of the 
parallels AC, BD ; and let them meet AB 
in the points H, K ; the straight lines EH, 
FK, w^hich join the extremities of the other 
two parallels A!E, BF, and the corresponding 
points H, K in the straight line AB, are like- 
wise parallel. 

Because both AC, BD, and CH, DK, are 
parallels, the triangles ACH, BDK are equi- 
angular} therefore AH is to BK as AC to 
BD, that is, by hypothesis, as A£ to BF; and 
the angle E AH is equal to FBK : therefore 
the triangle AHE (6. 6. Elem.) is equiangular 
to BKF : therefore the angle AHE is equal 
to BKF ; and consequently EH is (27. and 
28. 1. Elem-) parallel to FK 



DO come sscTioiis. 

BOOKIU 

"^^^^"^ PROP* X* THgoR. 

Fig. 18. If £rom any point of an ellipsis £, which 
is not the vertex of either axis, a straight 
line £F be drawn parallel to either axis 
CD, meeting a circle described upon the 
other axis in the point Gf and if another 
straight line be drawn touching the cir- 
cle in the point where the parallel meets 
it; this other straight line meets the 
common diameter of the ellipsis and the 
circle ; and a straight line drawn from 
the point where it meets that diameter, 
to the point £ in the ellipsis, touches 
the ellipsis : also a straight line which 
is drawn through the vertex of either 
axis parallel to the other axis, touches 
the eUipi^is. 

Let AB be the other axis of the ellipsis^ 
and C the centre of the ellipsis and circle, 
and join CG } let GN touch the circle in G, 



and ut^t the ccNhitilon diameter AB in H } aaoK n^ 
Ai srfcraigbt line tfaat joins tbe poitit H and ""-nn^ 
the point £ taken in thd ellip9if> tottclieft th^ 
dlipaifl^ 

Secaose CGN if;fa right angle, and GCB 
less than the right ai^le DCB ; GN, CB will 
necessarily meet : let them meet in H| and 
join HE } HE will touch the ellipsis in the 
point £ : if not, let it, if possible, meet the 
dlipsis again in K, and through K draw a 
stmigbt line parallel to £F, to meet AB in 
L, and the cirde in M : then, because £F is 
to KL as GF to ML, (2. cor. 6. 8.) and the 
points H, K, E are in one straight line ; the 
points H, M, G are likewise in one (lemma 
fi.) stra^ht line : consequently the straight 
line HG meets the circle in two points G and 
M : but, by hypothesis^ the same HG touches 
the circle i which is absurd : therefore, HE 
tUeets the ellipsis no where but in the point 
£ } and consequently touches it in this poinU 

Draw, through D, the vertex of either axis ^, i^. 

CD, a straight line parallel to the other axis 

AB { this straight line tovches the ellipsis : 

for if not, it will meet the ellipsis in more 

^ points than one, let it, if possible, meet the 



.^ 
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MOK II. eUipsis 'dgaiti' in O ; and tbrot^ O draw a 
straight -line parallel to CD, meeting AB in 
P, and the<circle in Q; alsoletCD meet the 
circle in R. Then, because CO is a parallelo- 
grain, CD is equal to PO: but as CD to PO, 
so is CR to PQ (2. cor. 6. 2.) j CR, therefore^ 
and PQ are equal : but they are also parallel ; 
consequently, if QR be joined, it wiU be pa* 
rallel to CP j and the angle QRC is, t^refore, 
a right angle. And thus RQ, drawn perpen- 
dicular to a diameter of the circle from the 
extremity of that diameter, falls within the 
circle; which is absurb (16. S. £lem«): there- 
fore DO touches the ellipsis. 

Cor. li If EH touch the ellipsis, and GH 
be joined, it may be shown in the same man*^ 
ner that GH touches the circle. 

Cor. 2. From a point in an ellipsis, only 
one straight line can be drawn which will 
touch that ellipsis : were it possible for two 
straight lines to touch the ellipsis inone and 
the same point, two could also touch the cir- 
cle in one point; which is against the cor. to 
16. 3. Elem. 

CoR; 3. A straight line cannot meet an 
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dlipsis in more 4iia(nr two pehite; ibr could* a bodkh.' 
straight line meet the ellipsis in more than ^ "^ ""^ 
two points, a straight Hne could also meet the 
circle in more than two points ; which would 
be an absurdity : the ellipsis^ therefore, is con- 
vex on the side where straight lines touch.' it, 
bot conciave od the contrary! side. 

> Cor. 4f. The angle -contained^ by ^ any dia- 
meter, which is not either jaxis of the eUipsts, 
and tbat part of the taitgent at its vert^ which 
meets the greater axis, is greater than a right 
angle. Let CE be the diiaiqareter, £H the 
tangent, and AB the greater axis, the other 
tilings remaining dd in the proposition ; .the 
angle CEH is greater than CGH, that is, (^'l . 
1 . Elem.) greater than a right angle. 

Cor. 5. The proposition points out a me- 
thod by which, if the greater axis be given 
in position and magnitude, a straight line can 
be drawn that shall touch an ellipsis desQribed 
upon the axis, in % given point. 

CoR. 6. Two strftight lines touching an el- 
lipsis in the vertices of a diameter are parallel. 

Let EH, ST touch the ellipsis in the ver- Fig. i?. 
tices of the diameter ECS, and let them meet 
the axis AB in H, T i draw EF, SV perpen^ 



Btra n. dicubtf to tbe smm aw, meeting the ckrele 
^" '--^ denmbed upon k in G» X; join QHt XT^ 
lihidu bf cor. L. will toutfb the circle m 43^ 
X : and because GF» XV are dftvidad ia the 
same rajtio^ (S* ieor^ 6. fl.) ta die poiota £» S» 
and tbat ECS is a «taa^t line j fJbora^Q the 
points G, C» X are alao m a rirajgbt Kfie(letii« 
3.) : and. beeatiae GH» XT, whkli toudi the 
circle in the vertices of the diametier GX» are 
parallels^ EH^ ST am alao pacaMs, (lanu SJ) 

PRC»». XL Thbor. 

If from a point of an ellipsis two straight 
lines be drawn to the foci^ and a straight 
line be drawn bisecting the angle adja* 
cent to that contained by these two 
#|;HUght lin^es ; tlMt straight line touchy 
the dlipsis. 

F%.is. Case 1. When the straight line bisecting 
the angle is parallel to the greater axis. Let 
AB be the greater axis, C the centre, and D» 
E the foci ; from a point F.of the ellipsis draw 
the straight lines FD, FE ; let FH, which bi- 



sects tlie an^e EFG^ be parallel to the g^eattej* W0€ ih 
axia AB ; FH touches the ellipsis. MaJke FG ^"^ '"^' 
equd to FE, join £G» ami l^t it tmet FH m 
H; then, since FE is equal to FG, md FH 
coitimon, and the angle £FH equal to GFH, 
EH is equal to RG: and FH^ EB bekig p^- 
raUels, SH is to HG as DF to FG; DF« 
dierefi>re, is equal to Hx, thaft is to F£ $ and 
in the triangles DFC« BFC, FC is comjamh 
and DC eqis^d to Cj&; therefore (& l* Ektti.D 
U)e angles at C are equal : and thus leach lof 
them is a right ang^e ; tbei^fore CF is {de£ 
6. 2.) the half of the h^Gs: axis } and ockose- 
quentl^r, FH, widdi is parallel to t^e other 
axis, touches {l^O. 2.) the ellipsis* 

Cast^2. Let FHi)e mdmcid to the greater f^. i4r 
axis, aixdmeet it im K^ and thfC ireoftaining 
part of the construction in the iirat case heii^ 
repeated, drannf FL at right angles to ifbe sane 
aisis^ and let at aieet the ckde described upon 
AB in the faint M : joining MK* and draw- 
ing iMC to Idie oentre, unaioe fiNequalto£F4 
AH iriU <ciMEisequently (1. 2.) Ine ^equal to DF. 
And since the outivard angle FIFG of the tri- 
angle DFE is divided into two ^qual pails by 
the straight line FH. which 4neets the "base 
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BOOK 11. D£ in the point K; therefore DK is to KE 
as DF to PE (Prop. A. 6. Elem.), that is, as 
AN to NB : and by composition, DK together 
with KE is to KE as AB to NB : take the 
halves of the antecedents, and CK * will be 
to KE as CB to BN; and, by conversion and 
alternation, CK is to CB as C£ to CN, that 
is, as CB to CL (4. 2.) : but CB is equal to 
CM ; therefore, as CK to CM, so is CM to 
CL : therefore the triangle CMK is equian* 
gular (6. 6. Elem.) to CLM. But CLM is a 
right angle ; therefore the angle CMK is also 
a right angle ; and consequently the straight 
line MK touches the circle (16. S. Elem.); 
therefore FK touches the ellipsis (10. 2.). 

Otherwise: Produce DF to G, so lhat>FG 
may be equal to FE; and in FK take any 
point O, and join OD, OE, OG, and EG, and 
let this last meet FK in P ; then, because. FE 
is equal to FG, FP common, and the angle 
EFP iequaltoGFPj therefore EP, GPare 
equal, and the angles at P right angles ; there- 
fore OE is equal to OG : but DO, OG are 



• See Prop. 8. Elem. Plane Trigon. annexed to our author's 
edition of Eudid'a Elements. 
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together greater than DG; consequently DO, book ii. 
0£ are also greater than the same DG, that 
is, than DF, F£ together, or than the greater 
axis AB : the point O is, consequently, with- 
out the ellipsis (S. cor. 1.2.); and, consequent- 
ly, FK touches the ellipsis. 

CoR. Conversely, if a straight line FK touch 
the ellipsis, and DF, F£ be drawn from the 
point of contact to the foci ; the angles DFO, 
EFK, which DF, FE make with the tangent 
in contrary directions of it, are equal. For 
let them be unequal; then DF being produced 
to G, the angles EFK, GFK are likewise un- 
equal : but by the proposition, a straight line 
which bisects the angle EFG touches the el- 
lipsis ; and by the hypothesis, FK which does 
not bisect the angle EFG likewise touches it 
in the point F; which is (2. cor. 10. 2.) absurd. 

PROP. XII. Pbob. 

The greater axis of an ellipsis being given 
in position and magnitude, and the foci 
being given, to draw a straight line pa- 
rallel to another straight line given in 

G 
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BOOK II. posiiion, and whibh shall toucli the el- 
lipsis. 

rig- !*• Let AB be the greater axis, D, E the foci ; 
let ST be a straight line given in position : 
from E, either of the foci, draw EV at right 
angles to ST, and from the other focus D, as 
a centre, with a distance equal to AB, de- 
scribe a circle : this circle will meet EV in 
two points ; of which let G be either j and 
having Joined DG, draw EF to it, making 
the angle GEF, equal to EGD; and through 
F draw FK parallel to ST j FK touches the 
ellipsis in the point F. 

Because the angle GEF is equal to EGF, 
EF is equal to FG; therefore DF, FE are 
together equal to DG, that is, to the greater 
axis AB : the point F is, therefore, iu (3. cor. 
1. 2.) the ellipsis. Let FK meet the straight 
line VE in P ; and because FK, ST are pa* 
rallels, and EV being at right angles to ST is 
likewise at right angles to FP : therefore the 
angles EFP, GFP are iequal j and therefore 
(preced. prop.) FK touches the ellipsis. In 
like tnatiner, by employing the other point, 
where the circle described fv6m the cefttre D 
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meets £V, akiother tangent can be drawn pa« j^ook ii. 
ralleltoST- — y— ' 

PROP. XIII. Thbok. 

Every straight line parallel to a straight 
line that touches the ellipsis, and ter* 
minated both ways by the ellipsis, is 
bisected by the diameter that passes 
through the point of contact. 

If the diameter be either of the axes ; a 
tangent drawn through its vertex is parallel 
to the other axis, (10. and 2. cor. 10. 2.); and 
thus a straight line parallel to the tangent is 
also parallel to this other axis; and conse- 
quently is bisected by the diameter that pas- 
ses through the point of contact (7* 2.). 

I4ow let C£ be any other diameter, and let Fig. i&. 
EF touch the ellipsis in its vertex ; let GH, 
parallel to KF, be terminated in 6, H, two 
points of the ellipsis, and meet the diameter 
C£ in K ; then shall GK be equal to KH. 

Let the tangent EF meet either axis AB in 

F; let GH meet the same axis in L; through 

the points E, G, H draw EM, GN, HO per- 

g2 
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BOOK II. pendiculars to AB, and let them meet the 
circle described upon AB in the points P| 
Q, R ; join FP, LQ, CP ; let LQ meet CP 
in the point S, and join SK. Then, because 
EF touches the ellipsis, FP (1. cor. 10. 2.) 
touches the circle ; and because the parallels 
QN, RO are cut in the same ratio in the points 
G, H, and that HGL is a straight line, the 
points L, Q, R are in a straight line (lemma 
2.). Again, since the parallels PM, QN are 
cut in the same ratio in the points E, G, 
through which the parallels EF, GL, are 
drawn; therefore FP, LQ are likewise pa- 
rallels (lem. 3.) J consequently, CS is to SP, 
as CL to LF, that is, as CK to KE : there- 
fore KS is (2. 6. Elem.) parallel to EP, and 
consequently to QN, RO j therefore GK is 
to KH, as QS to SR : but QS is equal to SR, 
because CP being at right angles to the tan- 
gent PF, is also at right angles to RQ, which 
i^ parallel to PF ; therefore GK is equal to 
K.H. 

Cor. 1. Conversely : any straight line GH, 
terminated both ways by the ellipsis, and bi- 
sected by the diameter CE; or, in other words. 
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dny straight line ordinately applied to the book ii; 
diameter C£, is jparallel to EF, the tangent 
at its vertex. If not, draw a tangent that 
shall be (12. 2.) parallel to 6H ; and 6H will 
be bisected by the diameter which passes 
through the point of contact : but, by hypo* 
thesis, the same GH is bisected by another 
diameter C£ ; which is absurd. 

CoR. 2. All straight lines ordinately applied 
to the same diameter are parallel to one ano- 
ther. 

Cob. 3. If several parallels be terminated 
both ways by an ellipsis^ the diameter which 
bisects one of them, bisects also the rest of 
them: for that one which is bisected by a 
diameter, is parallel to the tangent in the ver* 
tex of that diameter ; and consequently the 
rest are parallel to the same tangent; and 
therefore are bisected by the same diameter. 

Cob. 4. On the contrary : a straight line 
which bisects several parallels terminated both 
ways by an ellipsis, is a diameter. For if it 
be not, draw a diameter bisecting one of the 
parallels, and this diameter will also bisect 
the others : but, by hypothesis, each of them 
is bisected by another straight line ; which is 

G 3 
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BOOK su absurd. Aftd if, from Ae point of oMtect^ 
a straight line he drawn bisectaiig aaotbco* 
straight lime paraUel to the fiangeat, and teiv 
minated both ways by the cUipsif, timt 9traigbt 
]ine is a diameter. For if it be }iot« draw a 
diameter through the point of contact ; this 
diameter, by the prqp. ako bisects the paral* 
lei to the tangent ; which is absard. 

Cor. S. a straight Ime whidb is drawn 
through the vertex of a diameter, and is pa* 
rallel to an ordinate to that diameter, touches 
the ellipsis. 

Cor. & Two straight lines in an ellipsis, 
which pass not through the centre, do not 
bisect each other : for if, they bisected each 
other, they would be each of them parallel 
to the tangent in the vertex of the diameter 
drawn through the point of bisection, and of 
consequence they would be parallel to each 
other i which is absurd. 

PROP. XIV. Theob. 

Two diameters of an ellipsis, eithrer of 
which is fBxsXltd to a 8ti»gbt line 
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towhiqg th9 ellipsis in either Tortex of «oo^ ir. 
the other, are conjugate diameters. 

Let ET, VX be two diameters ; let either rig. is. 

' n 1 ft 

of them, VX, be parallel to EP, a straight 
line touching the ellipsis in the vertex E of 
the other ; then £T, VX are conjugate dia-> 
meters. 

Through the vertices E, V draw perpendi- 
culars EM, VY to either ^xis AB, meeting 
the circle described upon it in the points P, 
Z, on the sanae sides of the diameter AB with 
the points E, V ; and from the point F, where 
£F meets AB, draw the straight line FP» which 
will touch the (1. cor. 10. 2.) circle in P; and 
froq^ the point Z, the straight line Z» touch- 
ing the circle, and meeting the axis in a, join 
aV; and aV will touch the (LO. 2.) ellipsis; 
and from the centre draw CP, CZ. 

Then, because the parallels PM, ZY are cut 
in the same ratio in the points E, V through 
which are drawn the parallels EF, VC j there* 
fore FP> CZ are (Ipm. 3.) also parallel's : but 
CPF is a right angle ; consequently PCZ is 
also a ri^t angle : and CZa is a right angle ; 
therefore CP, Za are parallels; and conse^ 

o 4 
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BOOK II. quently CE and aV are parallels : therefore 
straight lines parallel to CE will likewise be 
parallel to Va, which touches the ellipsis in 
V ; and of consequence they will be bisected 
(IS. 2.) by the diameter C V : and because C V, 
by hypothesis, is parallel to EF, all straight 
lines parallel to CV will likewise be parallel 
to EF, and will consequently be bisected by 
the diameter CE ; therefore CE, CV are con- 
jugate diameters (7. def. 2.). 

CoR. 1. And since CV is the only diameter 
that can bisect straight lines parallel to CE, 
and terminated both ways by the ellipsis, CV 
alone is the conjugate to CE. 

Cor. 2. Ifi therefore, CE, CV be conjugate 
diameters, each of them is parallel to the tan- 
gent drawn through the vertex of the other. 

Cor. 3. On the other hand, a straight line 
drawn through the vertex of a diameter, pa- 
rallel to the conjugate diameter, touches the 
ellipsis in that vertex. 

Coit. 4. A straight line parallel to a diame- 
ter, and terminated both ways by the ellipsis, 
is bisected by the conjugate diameter : for it 
is parallel to the straight line which touches 
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the ellipsis in the vertex of this diameter; and book u. 
consequently it is bisected by this same conju- "^ ^''^ 
gate diameter. On the other hand, a straight 
line bisected by a diameter, is parallel to the 
conjugate diameter. 

PROP. XV. Theor. 

If from a point in an ellipsis to either of 
two conjugate diameters^ a straight line 
be drawn parallel to the other, th^ 
square of the diameter it meets, is to 
the square of the other diameter, as the 
rectangle contained by the segments 
into which the straight line divides the 
first, is to the square of that straight 
line. 

Let ET, VX be conjugate diameters, and Fig. 15. 
from a point 6 of the ellipsis draw 6K pa- 
rallel to the diameter VX, meeting the other 
£T in K ; then the square of ET is to the 
square of VX, as the rectangle £KT to the 
square of GK. 
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BOOK II. ypip ^n^^ j; j^ yx are conjugate diaipBtera, 
VX is parallel to the tangent EF^ drawn 
through the vertex £ of £T : and the same 
construction as in the two foregoing propo- 
sitions still remaining, and what was ther? 
demonstrated being still kept in view, let SK, 
when produced^ meet AB in the point |3; 
and through G draw the straight line Gy pa- 
rallel to the same ABp and ipeeting S|3 in y ; 
then, because PCZ is a right angle, and that 
the an^es CPM, MCP are together equal to 
a right angle ; the angle PCZ is equal to the 
same CPM and MCP together : take away 
the common Angle MCP, and th^ rfojain- 
iog angle MCZ is equal to the remaining 
CPM J and CP, CZ are cqu^I ; therefore 
the right-angled triangles PMC, CYZ are 
eqaal ; therefore PM is equal to CY. But 
since PM, Sj3, and PF, SL are parallels, Ihe 
triangles PFM, SL3 are equiangular: and 
jtbus CPM, jSL^ -are (8. 6. Elem.) also equi- 
^^du ; therefore CP is to PM as SL to LQ^ 
that is^ as SQto N/3 (^.«. Blem.); alteraate- 
iy CP is to &Q as PM to Nd : but PM having 
been proi'ed equal to CY, and that Gy is 



«qiial to Nj8 ; therefore PM ts to N/S, m CY booi: it. 
to Gy : Md the triangles CVY^ OKy being 
equiangular) CY is to Gy, as CV to GK5 
therefore (ex sequali) CP is to SQ as CV 
to GK : hence the square of CP is to the 
square of SQ, as the square of CV to <lie 
square of GK : but the square of CP is to the 
square of CS as the square ofCE to the square 
of CK } and, by conversion, and prop. 47* !. 
Elem. the square of CP is to the square of 
SQ as the square ofCE to the rectangle EKT: 
the square, therefore, of CE is to the rectan- 
gle EKT, as the square of CV to that ofGK ; 
alternately, the square of CE is to the square 
of CV as the rectangle EKT to the square of 
GK: therefore (15. S. Elem.) the square of 
ET is to that of VX, as the rectangle EKT 
to the square of GK. 

Universally: the square of any diameter 
is to the square of its conjugate, as the rec- 
tangle contained by the segments, intercepted 
between its vertices and a straight line ordi- 
nately applied to it, is to the square of the 
segment of the same straight line between the 
ellipsis and that diameter : for an ordinate to 
a diameter is parallel to the tangent drawn 
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BOOK II. through the vertex of that diameter j and 
therefore is parallel to the conjugate . diame- 
ter. 

Cob. 1. The squares of straight lines wdi* 
nately applied to the same diameter, are ta 
one another as the rectangles contained by 
the segments of that diameter, as was detpon- 
strated (1. cor. 6. 2.) with regard to the axes. 

CoR. 2. If ET, VX be conjugate diameters 
of an ellipsis AT, and if from a point G a 
straight line GK be drawn parallel to VX^ 
one of the diameters, and. meeting the other 
ET in K ; and if the square of ET be to the 
square of VX, as the rectangle EKT to the 
square of GK ; the point G is in the ellipsis. 
For if the point G is not in the ellipsis, then 
GK will meet it in some other point on that 
side of the diameter ET, on which G is } let 
it, if possible, meet the ellipsis in d : then, 
by the proposition, the rectangle EKT is to 
the square of dK, as the square of ET to the 
square of VX, that is, by hypothesis, as the 
rectangle EKT to the square of GK : hence 
the square of BK is equal to the square of 
GK i and thus the straight line 3K is equal 
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to the stra%ht line G K ; which is impo&- b^ook u, 

wble. - ^^ 

Cor. 3. If from two points G, g, one of 
which, f, is in the ellipsis, there be drawn to 
the diameter £T straight lines GK, s^ paral- 
lel to straight lines ordinately applied to the 
same ET j if the rectangles EKT, E^T, con- 
tained by the segments of the diameter ET, 
which are Intercepted between its vertices, 
and the parallels drawn to it, have the same 
ratio to each other as the squares of GK, $Z, ; 
tiien the other point G is likewise in the el* 
lipsis. This is demonstrated from cor. 1. in 
the same manner as the second corollary from 
the proposition* 

CoR. 4. If a circle be described upon AB, ^w- ^«* 
a diameter of the ellipsis, and if straight lines 
DE, F6 be drawn ordinately applied to the 
diameter AB ; and if from the jpoints D, F 
straight lines DH, FK be drawn perpendicu- 
lar to the same AB, and meeting the circle 
in the points H, K ; then the perpendiculars 
DH, FK shall have the same ratio to each 
other which the ordinate^ DE, FG have. For 
the sqnares of DE, FG have the same ratio 
to each other which the rectangles ADB, 
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Moc n# AFB have, that is, which the squares (S5* 3. 

^'^r^ ElemO of DH, FK have : therefore DH is 
to FK^ as D£ to FG, (89. 6. Elem.) 

Cob. 5. And if two straight Hues ordinate* 
ly apfdied to a diameter, cutofi^ between the 
centre and the pOiots where they meet that 
diameter, equal segments of it, they are equal : 
afid if equal, they cut <^, beiwemi the ceatre 
and these points, equal segments. 

PROP. XVI. Theob. 

^* ^^ If from a point E of an ellipsis, a straight 
line ED be ordinately applied to a dia^ 
meter AB, and if DH be drawn at right 
angles to that diameter, meeting a cir- 
cle described upon the same diameter ia 
H ; and if the straight line touching 
the circle in H, meet that diameter in 
L, and if EL be dmwn joining the 
points L and E, the line EL will 
touch the ellipsis in E : and conversely. 

For if EL do not touch the ellipsis it will 
cut it ; let it, if possible, meet it in another 
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point M ; and through M to the diameter AB booi lu 
draw MN pardlel to ED ; and through N draw 
NO at right angles to the diameter AB, meet** 
jsg the circle in O on the same side of AB 
with H : since the parallels DE, NM are 
drawn from the points D, N, as also the pa- 
rallels DH, NO, which have the same ratio 
to each other (4. cor. preced.) which BE, 
KM have, and that the points £, M, L are 
in a straight line ; therefore the points H, O, 
L (lem. 8.) are likewise in a straight line i the 
straight line LH, 'therefore, cuts the circle : 
but, according to the hypothesis, it touches 
the circle ; which is absurd : therefore LE 
also touches the ellipsis. 

And conversely: it may be shown, after 
the same manner^ that if EL touches the el« 
lipsis, LH likewise touches the circle. 



CoiGi. Hence it is manifest in what manner, 

^ diameter of an ellipsis be given itk pdsi- 

n and magnitude, and the angle which that 

meter makes with any straight line ordi- 

ly ap^ied to it^ be given, a straight Ulie 

be drawn that will touch the ellipsift in a 

gijea prnnt. 
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BOOK II. 

"■^^^^ PROP. XVIL Theoiu 

Fig. 16. jf fj.QQ| n point E of an ellipsis a straight 
Une be drawn touching that ellipsis, 

and meeting the diameter AB in L ; 
and if from the point of contact a 

straight line ED be ordinately applied 
to that diameter ; the semidiameter CB 
is a mean proportionid between CL and 
CD, the segments of the diameter, in- 
tercepted, the one between the centre 
and the tangent, and the other between 
the centre and the ordinate ; and the 
segments of the same diameter inter- 
cepted between its vertices and the tan- 
gent, have the same ratio to each other 
as the segments between its vertices 
and the ordinate. 

Having described a circle upon the diame- 
ter AB, and drawn from the point D a straight 
line DH at right angles to AB, meeting the 



J 



THB BLLIF81S. 



113 



circle in H, join HL: then, because LHbookii. 
touches the (16. 2.) circle, and that HD is 
perpendicular to the diameter, CD, CB, GL 
are proportionals (8. 6. Elem.)* Which is the 
first case. 

Secondly, because CL is to CB as CB to 
CD, by conversion CL is to BL, as CB to 
BD ; double the antecedents, and twice CL 
is to BL, as AB to BD ; and, by division^ 
AL is to BL, as AD to BD. 



Cob. 1. Hence the rectangle contained by 
the segments of the diameter intercepted be- 
tween the ordinate and the centre, and be- 
tween the ordinate and the tangent, is equal 
to that contained by the segments between 
the ordinate and the vertices of the diameter. 
For as CD, CB, CL are- proportionals, the 
square of CB is equal to the rectangle DCL; 
but the square of CB is equal to the rectangle 
ADB, together with the square of CD (5. 
2. Elem.) ; and the rectangle DCL is equal 
to the rectangle CDL, together with the same 
square of CD (3. 2- Elem.) : take away the 
common square of CD, and there remains the 
rectangle ADB equal to CDI^. 

H 
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BOOK n* Cor. 2. And the rectangle cohtamed by 
'^T— ^ the segments of the diameter intercepted be^ 
tween the tangent and the centre, ^uid be- 
tween the tangent and the ordinate, is equal 
to that contained by the segments between 
the tangent and the vertices of the same dia- 
meter : for the rectangle ALB and square of 
CB are together equal (6» 2. Elem.) to the 
square of CL ; and the rectangles LCD, CLD 
are together equal (2. 2. Elem.) to the same 
square of CL : therefore, because the square 
df CB has been proved equal to the rectangle 
DCL, there remains the rectangle ALB equal 
to the rectangle CLD. 

PROP. XVIIL Theor. 

Fiff. 16* ^rom a point E of an ellipsis let a straight 
line ED be ordinately applied to a dia- 
meter AB, and from the same point let 
a straight line EL be drawn meeting 
that diameter in L : if the segment (of 
the diameter) intercepted between the 
centre C and the pmnt L, the semidia- 
meter CB, and the segment DC between 
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the c^htre ahd the ordinate be prdpor- book ii. 
tionals, the straight line EL will touch * 
the ellipsis in E : or secondly, if the 
s^g^ents between the point L, and the 
vertices of the diameter, and between 
the oi^inate and those vertices, be pro- 
portionals ; or if, thirdly, the four seg- 
ments between the ordinate and each of 
the points L, A^ B, C be proportionals ; 
ar^ last bf all, if the four segments be- 
tween the poiut L, and each of these 
points A, C, D, B be proportionals; 
then the straight line EL touches the 
ellipsis. 

Case 1. If EL does not touch the ellipsis, 
let EP touch it : therefore, by the preceding 
proposition, CP, CB, CD are proportionals : 
but^ by hyipothesis, CL, CB, CD ate likewise 
proportionals j CP is therefore equal to CL ; 
which is absurd : consequently EL touches 
the ellipsis* 

Case 2. Because, by hypothesis, AL is to 
BL as AD to BD ; by composition, AL and 

H 8 
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BOOK II. BL together are to BL> as AB to BD : take 
the halves of the antecedents, and CL is to 
BL, as CB to BD ; and, by conversion, CL 
is to CB, as (preced. prop.) CB to CD : there- 
fore, by the first case, EL touches the eHipsis. 

Case 3. Since DL is to DA, as DBto DC ; 
by composition, LA is to AD, as BC or CA 
to CD ; the remainder CL (19. 5. £lem.) is, 
therefore, to the remainder AC or CB, as 
CB to CD ; and therefore, by the first case 
again, EL touches the ellipsis. 

Case 4. Because, by hypothesis, AL is to 
CL as DL to BL ; therefore, by division, AC 
or CB is to CL, as DB to BL ; therefore CB 
is to CL, as the remainder CD to the remain* 
der CB ; and, inversely, CL is to CB as CB 
to CD : therefore EL touches the ellipsis, by 
the same first case. 

PROP. XIX. Theor. 

If from two vertices of two conjugate dia- 
meters two straight lines be ordinately 
applied to another diameter, the square 
of the segment (of that other diameter) 
intercepted between either ordinate and 
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the centre^ is equal to the rectangle con- boos ii. 
* tained by the segments between the 
other ordinate and the vertices of that 
same diameter. 



Let CA, CB be the two conjugate diame- Fig. 17. 
' ters, of which the points A, B are vertices ; 
from A, B let AF, BG be ordinately applied 
to another diameter DE ; the square of CG, 
intercepted between the ordinate BG and the 
centre, is equal to the rectangle EFD con- 
tained by the segments intercepted between 
the other ordinate AF and the vertices of 
DE : and likewise the square of CF is equal 
to the rectangle EGD. 

Draw AH, BK touching the ellipsis in A, 
B, and meeting the diameter ED in H, K»: 
then, because both CB, AH, and BG, AF, 
are parallel, the triangle CBG is equiangular 
to HAF ; and because BK is parallel to CA^ 
the triangle CBK is also equiangular to H AC ; 
therefore CG is to FH, as CB to AH, that 
is, as CK to CH : but CD is a mean propor- 
tionalboth between CG, CIK, and between 
CF (16. 2.) CH J therefore CF is to CG, as 

H 3 
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BOOK II. CK to CH : and as hath been shows, CG is 
to FH9 as CK to CH ; therefore (ex asquali) 
as CF to CG, so is CG to FH : and conse- 
quently, the square of CG is equal to the 
rectangle CFH. But the rectangle EFD is 
equal to the same (1. cor. 17. 2.) CFH ; hence 
the square of CG is equal to the rectangle 
EFD ; take these equals from the square of 
CD, and there will remain the rectangle EGD 
equal to the square of CF (4. iand 5. 2. E- 
lem.). 

Cor. 1. Hence the semidiameter CD, to 
which the ordinates are drawn, is to its semi- 
diameter conjugate CL, as the distance be- 
tween either ordinate and the centre is to the 
other ordinate : for the square of CD is to the 
square of CL as the rectangle EFD to the 
square <£ AF^ that is (by the proposition), as 
the square of CG to the square of AF ; there- 
fore CD is to CL, as CG to AF. In like 
manner, it may be shown that CD is to CL^ 
as CL to BG. 

Cob. 2. The squares of the segments of the 
diameter to which the ordinatea are drawn, 
between .the ordinates arid the centre, are to- 
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geiber equal fo tb6 square of the temidiame- book il 
ter. For since the square of C6 is equal to 
the rectangle EFD ; therefore the square of 
CF, together with the square of CG, is equal 
to the square of CF^ together with the rec- 
tangle EFDy that is^ to the (5. 2. Elem.) 
square of CD. 

Cor. S. Hence the sum of the squares of 
any two conjugate diameters is equal to the 
sum of the squares of the axis. Let CD, CL 
be the semiaxes, and CA, CB conjugate 
semidiameterQ ; let AF, BG be perpendicu- 
lars to CD, and AM, BN perpendiculars to 
CL : then, because the square of CD, as was 
proved in the preceding corollary, is equal to 
the square of CF, together with the square 
of CG ; and that, by the same corollary, the 
square of CL is equal to the square of CM, 
together with that of CN, that is, to the square 
of AF, together with that of BG j therefore 
the squares of CD, CL are together equal to 
the squares of CF, CG, AF, BG : but the 
squares of AC, BC are together (47. 1. E- 
lem.) equal to the same squares of CF, CG» 
AF, BG; and therefore the sum of the 
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BOOK n. squares of AC, BC is equal to the sum of the 
"^j^^ squares of CD, CL. 

PROP. XX. Theor. 

If through the vertices of two conjugate 
diameters four straight lines he drawn 
touching the ellipsis ; the parallelogram 
contained hy these straight lines, is e- 
qual to that contained hy the tangents 
drawn through the vertices tof any other 
other two conjugate diameters. 

^^- !»• Let the straight lines OV, OY, YX, XV 
touch the ellipsis in the vertices A, B, and in 
their opposite vertices of two conjugate dia- 
meters AC, BC J in like manner, let PT, PR, 
RS, ST touch the ellipsis in the vertices of 
the conjugate diameters DC, LC ; the figures 
OVXY, PRST are (6. cor. 10. 2.) parallelo- 
grams, and equal to each other. 

To the diameter CD draw AF, BG paral- 
lel to CL; and to the diameter CL draw 
AM, BN parallel to CD } and let AO, BO 
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meet the same CD in the points H, K ; and book u. 
having joined BH, complete the |)araUelogfam 
HCNQ: 

Then, because AH touches the ellipsis, and 
that AF is drawn ordinately applied to the 
diameter CD ^ therefore CH is to CD, as CD 
to CF (17. 2.): and, by the'first corollary of 
the foregoing proposition, Cl3 is to CL, as CF 
to BG : therefore, ew wqw^ CH is to CL, as- 
CD to BG, or QH J and the angles DCL, 
CHQ are equal, for they are alternate i there* 
fore the parallelogram DL is equal to the 
parallelogram (14. 6. Hem.) NH : but NH 
is the double of the triangle CBH, upon the 
same base CH, and between the same paraU 
lels ; and likewise the parallelogram ACBO 
is the double of the same triangle CBH, up- 
on the same base CB, and between the same 
parallels CB, AH : therefore ACBO is equal 
to NH ; and the parallelogram DL, as hath 
been shown, is equal to the same NH ; there* 
fore the parallelograms DL, AB are equal :. 
and thus the parallelograms PRST, OVXY,. 
which are the quadruples of DL, AB, are 
likewise equal. 
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BoAcn. 

""^^^r^ PROP* XXL Theob. 

If a straight line touching an ellipsis, meet 
two conjugate diameters; the rectangle 
contained by its segments, between the 
point of contact and the diameters, is 
equal to the square of the semidiameters 
conjugate to that which passes through 
the point of contact. 

Fig. 17. Let the straight line HZ touch the ellipsis 
in the point A, and let it meet the conjugate 
diameters CD, CL in H, Z ; let the semidi- 
ameter CB be conjugate to CA; then the 
rectangle HAZ is equal to the square of CB. 
For draw AF, B6 parallel to the diameter 
CL : and since HF is to FC, as HA to AZ, 
the rectangles (def. 1. 6. Elem.) HFC, HAZ 
are similar ; and HF is to HA, as CG is to 
CBj therefore, since the rectangles HFC, 
HAZ are similar, of which HF, HA are ho- 
mologous sides, and that the squares of CG, 
CB are similar figures ; the rectangle HFC 
^22. 6. Elem.") is to the rectancrle HAZ as the 



square of CG to the square of CB : but the book ii« 
rectangle HFC is equal to the rectangle (!• '^ » *^ 
cor. 17. 2.) EFDy that is, to the (19. 2.) square 
of CG i and therefore (14. 5. Mem.) the rect- 
angle HAZ is also equal to the square of CB. 

Cob. Hence it follows^ if a straight line HAZ 
touch an ellipsis, and meet two diameters CH, 
CZ ; if the rectangle HAZ be equal to the 
square of CB the semiconjugate to CA, which 
passes through the point of contact; then CH, 
CZ are two conjugate dianieters. 

PROP. XXII. Theor. 

* 

If irom a point of an ellipsis, a straight 
line be ordinately applied to a diame- 
ter ; the rectangle contained by the seg- 
ments of the diameter is to the square 
of the ordinate, as the diameter is to its 
latus rectum. 

Let F be a point in an ellipsis ; from F Hg. is. 
draw FG, ordinately to the diameter AB. 
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BOOK u. 13ie Tectangle A6B is to the square of FG 
as the diameter AB to its latus rectum. 

For let BH be equal to the latus rectum ; 
and since the diameter AB, its conjugate 
DE9 and latus rectum BH (9. def. 2.)^ are 
proportionals, AB is to BH (2. cor. 20. 6. 
Elem.) as the square of AB to the square of 
DE, that is, as the rectangle AGB to the 
squareofFG(15. 2.). 

PROP. XXni. Theor. 

If from a point of an ellipsis, a straight 
line be ordinately applied to a diameter, 
and from the vertex of the diameter a 
straight line be drawn at right angles 
to it, and equal to its latus rectum; the 
square of the ordinate is equal to the 
rectangle applied to the latus rectum; 
having for its breadth the abscissa be- 
tween the ordinate and the vertex of 
the diameter, but deficient by a figure 
similar, and similarly situated, to the 
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^figure contained by the diameter and 3om n. 
the latus rectum. . 

Let P be a point in the ellipsis ; from F Fig* is. 
draw FG, an ordinate to the diameter AB ; 
and from the vertex of AB draw a perpendi- 
cular BH, equal to the latus rectum of AB ; 
then the square of PG is equal to the rect- 
angle applied to BH; having the abscissa 
BG for its breadth, but deficient Jby a figure 
similar, and similarly situated, to the rectan- 
gle BN, contained by the diameter AB and 
latus rectum BH. 

Having joined AH, and from G drawn GK 
parallel to BH, and meeting AH in K, com- 
plete the parallelograms KLHM, ABHN: 
then, because the rectangle AGB is to the 
square of FG, as (22. 2.) AB to BH, that is, 
as AG to GK, that is, as the (1. 6. Elem.) 
rectangle AGB to the rectangle KGB; there- 
fore (ex aequali) the rectangle AGB is to the 
square of FQ, as the same AGB to the rect- 
angle KGB: and thus the square of FG is 
equal to the rectangle KGB, applied to the 
latus rectum BH ; which rectangle has for its 
breadth the abscissa GB, but is less than the 
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iOOK n. rectangle BM, by the iigtare KLHM^ sim^r^ 
and similarly situated, to BN (24. 6. Elem.). 
From the square of the ordinate being thus 
equal to the deficient rectangle ; or that under 
the abscissa and only 2k part of the lotus rectunh 
ApoUonius called this curve line the Elhpsis. 

Cor. If from the vertex B of the diameter 
AB any straight line BO be drawn equal to 
the htu$ rectum^ though not at right angles 
to AB ; join AO, and through G draw 6P 
parallel to BO ; the rectangle FGB is equal 
to the square of FG. For AB is to BH, as 
BG to GK, that is, as BO to GP: but BO 
is equal to BH, therefore GP is also equal to 
GK. 

PROP. XXIV. Prob. 

Two unequal straigbt lines which bisect 
each other at right angles, being given 
in position and magnitude, to describe 
an ellipsis of which these straight lines 
may be the a:^es. 



THB BLLIPSI8.' tSt 

Let two unequal straight lines AB, DE, mox 
which bisect each other at tight ingles in the ^ ,^ 

xif^'* 19( 

point C, be given in position and magnitude ; 
it is reiqtiired to describe an dlipsiil which liiir^ 
have AB and D£ for the a&es. 

From the extremity D of DE, the less of 
the two, place DF equal to CB, the half of 
AB the greater; and from the centre D, with 
the distance DF, describe a circle which will 
meet AB in two points G, H ; in ^hidi fix 
die ends of a string of the same lehgth with 
the straight line AB, and describe an ellipsis, 
as was directed in the first definition of this 
book ; the straight lines AB, D£ will be the 
axes of this ellipsis. 

For since the points G, H are the foci of 
the ellipsis, and that GC is (S. 3. Elern*) equal 
to CH, the point C is its centre (8. def. 2.) j 
and since CA or CB is equal to the length 
of the half of the string, the ellipsis passes 
through the points A, B : it passes likewise 
through D (4. con 1. 2.), because GD is equal 
to CA ; and through E, because CD is equal 
toCE. 
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BQQXIL 

^*^^^ PROP. XXV. Pbob. 

A straight line being given in position 
and magnitude, and a point without it 

* 

being given ; to describe an ellipsis, of 
which that straight line shall be one of 
the axes, and which shall pass through 
that given point ; but the given point 
must be so situated, that a perpendicu- 
lar drawn from it may fall between the 
extremities of the given straight line. 

^* 19. Let AB be the straight line given in posi- 
tion and magnitude, and K the given point, 
so situated, that a perpendicular drawn from 
it towards AB may fall between the extremi- 
ties A, B; it is required to describe an ellipsis 
which may have AB for one of the axes, and 
which may pass through K. 

Draw KL at right angles to AB, and find 
a straight line D£ such *, that the square of 

* Find a mean proportional X between AJL and LB (13. 6. 
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AB may be to the isquare of DE^ as the rec- book il 
taBgle ALB tot the square of KL ; and place 
DE perpendicular to AB, so that they mu- 
tujillr bi^ct each other : and by the last prop, 
with the same AB, DE, as the axes, describe 
an ellipsis ; this ellipsis will pass through (2. 
cor. IS. a.) the point li. 

PROP. XXVI. Pkob. 

To find a diameter, the centre^ the axes, 
and the foci of an ellipsis given in po- 
sition. 

Draw two straight lines parallel to each 
other, and terminated both ways by the ellip- 
sis; the straight line* which bisects them is 
(4. cor. 13. 2.) a diameter; and the point 
bisecting that diameter is (3. 2.) the centre. 



Elem.); then to the three straight lines, X, KL» and AB» find 
a fourth proportional (12. 6. Elem.) which will be the stnught 
liaeDE wanted. For the square of X, that is, the reetangle 
ALB (17. 6. lUem.), is to the square of KL, (22. 6* £^em.) as the 
square of AB to the square of D£. Therefoire (6. 2.) D£ is the 
oiheraxis. 

I 
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BOOK II. In order to find the axes, find the centre 
^^^ C, and in the ellipsis take any point A, and 
join CA ; and from the centre C, and with 
the distance AC, describe a circle AF: if 
this circle falls wholly without the ellipsis, 
C A is the greatest of the semidiameters ; and 
therefore (9. 2.) the half of the greater axis. 
Next, take any point D, and let a circle be 
described 4rom the centre C, with the dis- 
tance CD ; if this circle falls wholly within 
the ellipsis, CD is the least of the semidiaoie- 
meters ; and therefore (9. 2.) the half of the 
less axis* Or let any other point G be taken ; 
if the circle described from the centre C, with 
the distance CG, falls neither wholly without 
nor wholly within the ellipsis, the straight 
line CG is the half neither of the greater nor 
of the less axis ; the circle, consequently, 
must meet the ellipsis again : let it meet it in 
H ; and having joined GH, bisect it in K ; 
then CK will be one of the axes, and a straight 
line drawn through the centre perpendicular 
to CK will be the other. For smce GH is 
bisected by the diameter CK, it is parallel to 
the tangent AL drawn through the vertex of 
CK ; and CKG is a right angle : therefore 



I 
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CAL is also a right angle ; and therefore book lu 
CK A is (4. cor. 10.. 2.) one of the axes. The ^ ^^ 
foci are found as in prop. 24. 

PROP- XXVII. Prob. 
Two conjugate diameters of an ellipsis 

« 

being given in position and magnitude, 
to find the axes, and describe the ellip- 
sis. 

Let AB, CD, be the given diameters ; let ^ig- ci- 
thern meet each other in the centre £• $up« 
pose the problem solved, that is, let FO, HK 
be the axes to be found, and through Afdraw 
the straight line AL parallel to CD; AL 
will touch (S. cor. 14. 2.) the ellipsis in A, 
and will be given (28. dat.) in position : let 
the same AL meet the axes in the points L, 
M i therefore the rectangle LAM is equal to 
the square of CE, the semiconjugate to (21. 
2.) A6 : but CE is given, and, consequently, 
its square is given; therefore the rectangle 
LAM is given : let the rectangle £AN b^ 
«qual to LAM ; and because £ A is ^ven in 

12 
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woxiit position and magnitude, AN is also given in 
position and magnitude; and because the 
rectangles LAM, E AN are equal, the points 
L, E, M, N are (conv. 35. 3. Elem.) in the 
circumference of a circle : therefore, if EN 
is bisected in O, the centre of the circle will 
be in the straight line OP, which is at rigl^t 
angles to EN (cor. 1. 3. Elem.): but LEM 
being a right angle, the centre of the circle is 
lil^ewise in (cor. S. 4. Elem.) the stra%ht line 
LM : it is therefore in the point P, wh^re 
OP, LM intersect each other : therefore the 
centre P is given, and the point E is given : 
hence the circle described from the centre P, 
with the distance P£, is given in (6. def. dat.) 
position; so likewise are the points L, M, 
where its circumference meets the straight 
line AM given in position : therefore the axes 
EL, EM are given in position : draw AQ at 
right angles to the axis FG ; and because AL 
touches the ellipsis, EQ, EF, EL are (17. 3.) 
proportionals ; and EQ, EL are given : there- 
fore EF is given in magnitude. It may in 
like manner be proved, that £K is given in 
magnitude ; therefore the axes FQ, HK are 
given in position and magnitude : and an j^l^ 
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JipsiB described through the point A, i^vith the book h. 
axis FG (25. 30f ^itt have AB, CD two of 
bf its conjugate diameters. 

The composition is as follows. ^^rodUce 
EA to N, so that the rectangle E AN may be 
eqilal to the square of CE : bisect EN in D, 
aiid draw OP at right angles to it, meeting 
the straight line AL, which is parallel to CE 
in the point P ; and from the centre P, dis- 
tance PE, describe a circle, and let AP meet 
its circumference in the points L, M : join 
EL, EM, and draw AQ at right angles to 
EL; and between EQ, EL find (13. 6. E- 
lem.) a mean proportional EF, and make EG 
eqoaHo £F, then,. by the 25th proposition of 
this book, describe an ellipsis. Of which FG 
may be one of the axes, and which may pass 
through the point A : of this ellipsis AB, CD 
are conjugate diameters. For since AQ is 
perpendicular to the axis FG, and EQj EF, 
EL proportionals, jIL touches the ellipsis 
(18. 2.) in the point A; and because CD is 
parallel to the tangent AL, it is in the same 
position with the conjugate diameter to AB ; 
and the angle LEM being in a semicircle is 
a right angle ; consequently EM is the other 

I 3 
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BOOK II. axis : hence the rectangle LAM is equal to 
'^ ^"^ the square of the semidiameter conjugate to 
AE (21. 2.) : but the same rectangle LAM 
is equal (35. 3. Elem.) to the rectangle EAN^ 
that isy by the construction, to the square of 
CE; therefore CE is the semiconjugate to 
A£ ; the ellipsis therefore passes through C; 
and because ED is equal to EC, and EB 
equal to EA, it passes likewise through the 
points D, B. Hence AB, CD are conjugate 
diameters in the ellipsis described. 

PROP. XXVIII. PaoB. 

The position and magnitude of a diameter 
of an ellipsis being given, and the posi- 
tion of a straight line, passing through 
a given point in the ellipsis, and ordi- 
nately applied to that diameter being 
also given ; to describe the ellipsis. 

Fig. 21. Let AB be the given diameter, to which 
RS, a straight line given in position, is ordi* 
nately applied, from a given point R of the 
ellipsis to be described. 
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Bisect AB jn the point E, and draw book ii. 
through E a straight line parallel to RS, ,and 
in that parallel take equal straight lines EC, 
ED, so that the rectangle ASB may be to the 
square pf RS, as the square of A£ to the 
square of EC or ED. If a mean proportional 
be found (IS. 6. Elem.) between AS and SB ; 
then (^. 6. Elem.) the mean proportional is 
to RS, as AE to EC, which is therefore found 
(12. 6. Elem.), then, by the preceding propo- 
sition, describe an ellipsis of which AB, CD 
may be conjugate diameters : this ellipsis will 
pass through the (2. cor. 15; 2.) point R,and 
RS will be ordinately applied (4. cor. 14. 2.) 
to the diameter AB. 

PROP- XXIX. Theor. 

If a cone cut by a plane passing through 
the axis be cut also by another plane, 
meeting both the sides, of the triangle 
through the axis, but neither parallel 
to the base of the cone, nor subcontra- •. 
rily situated ; if that other plane, and 
the plane in which the base of the cone 

I 4 
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BOOK u. is sitiidted, meet iii the direction of a 

straight line perpendicular either to ihe 
base of the triangle through the axis, or 
to that base produced ; the line 'which is 
the common section of this other plane, 
and the conical surface, is an ellipsis, 
which has for one of its diameters the 
common section of the triangle through 
the axis, with this same plane. 

Fig. 2t. Let there be a cone, the vertex of which is 
the point A, and the base the circle BC ; let 
it be. cut by a plane through the axis, and let 
the section be the triangle ABC 4 let it be 
cut likewise by another plane, meeting both 
the sides AB, AC, of the triangle through the 
axis, but neither parallel to the base of the 
cone, nor subcontrarily situated ; let the line 
DEF be the common section of this other 
plane with the conical surface ; and let GH, 
the common section of this plane, with the 
base of the cone, (continued,) be perpendi- 
cular to BC : then, the line DEF U an ellip- 
sis : and DF, the common section of the tri- 
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an^e tbroogh the akii, aful this same plane^ book vu 
i$ oGe of lis diameters* . . 

In the section DEF.take any point E^ iind 
fiirou^ £ to DF draw EK parallel to HG ; 
and through K draw LM parallel to BG: 
tiierefore, the plane which, passes through 
£K, LM is parallel (15. 11. Etem.) to the 
plane^ through BC^ 6H, that is, to the base 
of the cone: consequently the plane through 
EK, LM (23. 1.) is a circle, of which LM is 
a diameter: but EK is perpendicular (10. 
11. Elem.) to LM, because GH is perpendi- 
cular to BG ; therefore the rectangle LKM 
is equal (35. 3. Elem.) to the square of £K. 
In like manner, any other point N being 
taken in the section DEF ; if NO be drawn 
parallel to EK, or GH, and through O, PQ 
be drawn parallel to BC; it may be shown, 
that the rectangle POQ is equal to the square 
of NO: jconsequently, the square of EK is 
to the square of NO, as the rectangle LKM 
to the rectangle POQ : but (by simil. trian.) 
LK is to PO, as DK is to DO ; and KM is 
to OQ, as KF is to OF ; but the ratios com- 
pounded of these ratios are the same to one 
another; and therefore the rectangle LKM 
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BOOK II. is to the rectangle POQ, as the rectangle 
DKFis to the rectangle DOF (28. 6. Elem.): 
and therefore^ ex aequali^ the square of £K is 
to the square of NO, as the rectangle DKF 
to the rectangle DOF. Describe^ therefore, 
an ellipsis (28. 2,) of which DF may be a 
diameter, and in which £K may be ordinately 
applied to DF : and because the point £, by 
construction, is in this ellipsis, the point N 
is likewise in it (8. cor. 15, 2.). And the 
same thing may be demonstrated with regard 
to all the points of the section D£F« 
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OF THE HYPERBOLA. 



DEFINITIONS. 

I. J.F in a point taken upon a plane^ the ex- bookiii. 
tremity E of a ruler EH is so fixed that the ^^ 
ruler is left free to revolve about the point £ 
as a centre ; and if one end of a string shorter 
than the ruler is fixed in the extremity H, 
and the other end of it in the point F, which 
is in the same plane with the point E ; but 
the distance between the points E, F greater 
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BOOK III. than the excess of the length of the ruler above 
'"^^"'*' that of the string ; and if by means of a pin 
G, the string is applied to the side EH of the 
ruler : then with the string so applied, and kept 
uniformly tense, if the ruler be moved about 
the centre, the point of the pin will describe 
upon the plane a line, called the hyperbola. 

But if the above order be reversed, and the 
end £ of the ruler be fixed in the point F, 
and the end F of the string in the point £, 
and then a similar operation be repeated, a- 
nother line, opposite to the former, will be 
described, which is also called the hyperbola ; 
and both together are called opposite hyper- 
bolas. These lines may be extended beyond 
any given distance from the points E, F, if a 
string be taken, the length of which exceeds 
that distance. 
IL The points E, F are called the foci. 

III, And the point C, which bisects the 
straight lifie between the foci, is called the 
centre of the hyperbola^ ox of the oj^osite hy* 
perbolas. 

IV. Any straight linie passing through the 
centre and meeting the hyperbolas, is called 
a transvtrse diameter ; and the points where 
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a transverse dktmeter meets the hyperbolas, book hi. 
are called its vertices. Also any straight line 
which passes through the centre, and bisects 
a straight line terminated by the opposite 
hyperbolas, but not passing through the cen- 
tre, is called a right diameter. 

V. That diameter which passes through 
the foci, is called the tfdnsverse aais. • 

VI. If from either extremity A of the 
transverse axis, a straight line AD be placed 
equal to the distance between the centr6. C 
and either focus F, and from A as a centre, 
with the distance AD, a circle be described, 
meeting a straight line drawp through the 
centre C, at right angles to the transverse 
axis, in th^ points ^^ bi the straight line 1^^ 
is called the second cms* * 

VII. Two diameters, each of which bisects 
all straight lines parallel to the other, and 
terminated both ways by the hyperbola, or 
opposite hyperbolas, are named conjugate dia- 
meters. 

VIII. When a straight line not drawn through 
the centre, yet terminated both ways by the 



* Hence the second axis is bisected in the centre C (3. 3. £lem.)« 
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BOOK nu hyperbola, or <^po9ite hyperbirfas, is bisected 
'~ '^^ by a diameter, it is said to be ortUnatebf €tp^ 
pSed to that diameter : or it is called simply, 
an ordinate to the diameter. Also a diameter 
parallel to a straight line ordinately applied 
to another diameter, it is said to be wdmatehf 
appUed to this other diameter. 

IX. A straight line which meets the hy- 
perbola in only one point, and which, bmng 
produced both ways, falls without the opposite 
hyperbolas, is said to touch the hjrperbola in 
that point. 

PROP. I. Theob. 

If from a point in a hyperbola two straight 
lines be drawn to the foci, the excess of 
the one above th^ other is equal to the 
transverse axis. 

^HS* !• Let G be a point in a hyperbola, the excess 
of GE above GF is equal to the transverse 
axis Aa. 

Let EGH represent the ruler, and FGH 
the string, the pin by which the hyperbola is 
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described being su(qposed to remain at G; book mi. 
firooi EH) F6H take away the comman part 
6H i and the excess of GE above GF will 
be equal to the excess of the length of the 
ruler above that of the string ; and this con- 
cision will hold wherever the point G shall 
be situated in the hyperbola. And since the 
points A9 a^ the vertices of the transverse 
axis, are in the opposite hyperbolas, the ex- 
cess of AE above AF ; and also the excess 
of oF above a£, are each of them equal to 
the excess of the length of the ruler above 
that of the string, that is, to the excess of 
£G above FG ; and therefore these two ex- 
cesses are equal to each other : but let AF 
be added to each of the two straight lines AE, 
AF ; and the excess of AE above AF will 
be equal to the excess of FE above twice 
AF. In like manner, the excess of oF above 
a£ will be equal to the excess of the same 
FE above twice a£ ; therefore, FE exceeds 
twice AF by the same excess by which it ex- 
ceeds twice oE : twice AF is, therefore, e- 
^ual to twice a£ ; and therefore AF is equal 
to laE : conseqpently the excess of A£a bove 
AF is equal to the excess of AE above a£, 
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BOOK III. that 18, to the transverse fixis a A j and there- 
'^ ^^ Sbre the excess of EG above GP is likewise 
equal to the same transverse axis a A. ■ ^ 

. CoR. And since AF is equid to ^E and CF 
to CE, therefore C A is equal to Cu ; oiv the 
transverse axis is bisected in the centre. 

PROP. II. Theoh. 

If from a point two straight lines are 
drawn to the foci of opposite hyperbo- 
las; if the excess of the one straight 

" line above the other be equal to the 
transverse axis^ that point is in one of 
the opposite hyperbolas. 

Let G be the point from whence GE, GP 
are drawn to the foci of opposite hyperbolas ; 
if the excess of the one straight line above 
the other be equal to the transverse axis a A, 
the point G is in one of the opposite hyper- 
bolas. 
Fig. 2. Of the two straight lines let GP be the 
less J and from the centre F, distance PG, 
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describe a circle meeting FE in H ; take 6K book nt. 
equal to GF, and KE, by hypothesis, will be 
equal to the transverse axis Aa ; and because 
FG, GE are together greater than PE j 
therefore FG, GK are together greater than 
PA and ^E together ; consequently (FG, or) 
FH, the hatf of FG^ GK, is greater th^n PA, 
the half of FA, oE ; and therefore the hyper- 
bola, towards the point A, falls within the 
circle:: and since (def* !• 3.) it may be ex- 
tended beyond any given distance from the 
focus F, it necessarily meets the circle. Now 
the hyperbola meets the circle in the point 
G ; for if not, let it cut it in another point 
D, on the same side of the axis with the point 
G; and join DE, DP: then because the 
point D is in the hyperbola, (by the first 
Prop. sO the excess of DE above DP is equal 
to the transverse axis Aa : but by hypothesis 
the excess of GE above GF is equal to the 
same Aa ; and FG is equal to FD : therefore 
EG is also equal to ED ; which is contrary 
to prop. 7. b. 1. of Euclid. Therefore the 
point G is in the hyperbola. 

K 
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BOOKin* 

PROP. IIL THEom. 

If two slraiglit lines be drawn from a point 
without a hyperbola to the foci, the ex- 
cess of the one aboTe the other is less 
than the transverse axis ; but if two 
straight lines be drawn from a point 
within a hyperbola to the foci, the 
excess of the one above the other is 
greater than the transverse axis. On 
the contrary, any point is without, » 
within a hyperbola according as the ex- 
cess of two straight lines drawn from 
that point to the foci, is less, or greater 
than the transverse axis. 



,t» From the point L without a hyperbola, 
let the two straight lines LE, LF hfi drawn 
to the foci ; the excess of the one above the 
other is less than the transverse axis An. Fw 
since L is without and F within the hyper- 
bola, the straight line LF necessarily meets 
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the hyperbola ; let LF meet it in G, and join book in. 
EQi then £L is less than EG and GLj 
therefore the excess of EL above LF is less 
than the excess (^ EG and GL together 
above the same LF, that is, than the excess 
of EG above GF, that is, less than the trans- 
verse axis Aa. 

Next, from the point M within the hyper- 
bola, draw ME, MF to the foci; then ME 
will necessarily meet the hyperbola AG, be- 
cause the point M is within and the point £ 
without it ; let it meet the hyperbola in N, 
and join NF. Then, because MF is less than 
MN together with NF, the excess of ME 
above MF is greater than the excess of the 
same ME above MN together with NF, that 
is, than the excess of NE above NF, that is, 
greater than the transverse axis Ka. 

The last part of the proposition, or the con- 
verse of these now demonstrated, is evident. 

Cob. Hence, if through the vertex A of 
the transverse axis, a straight line be dr&wn 
at right angles to that axis, this straight line 
is wholly without the hyperbola, and conse- 
quently touches it. 

K 2 
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BooKiir. For in the straight line so drawn take any 
'~^ ' "^ point Q, and join QF, QE ; and in the axis 
place AR equal to AF, and join QR ; then» 
because AR is equal to AF, that is, to aE, 
therefore RE is equal to the transverse axis 
Aa ; also QF id equal to QR : but QE is less 
than QR together with RE ; and therefore 
the excess of QE above QR or QF, is less 
than RE, that is, less than the transverse axis : 
hence the point Q, luid consequently the 
straight line AQ, is without the hyperbola. 

PROP. IV. Theob. 

The square of half the second axis, is e« 
qual to the rectangle contained by the 
.tn,ight Une, between either focu, «„d 

. the vertices of the transverse axis. 

^i^* 1- Let Aa be the transverse axis, C the cen- 
tre, E, F the foci, and B6 the second axis, 
which, from the definition of it, is bisected in 
the centre ; j(Hn A6 ; and because A6, CF 
are (6. def. 3.) equal , the squares of AC^ CB 
are together equal to the sij[uare of CF, that 



f 
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18, to (6. 2. Elem.) the square of AC together booxuu 
with the rectangle AFa : take away the com^ ^•"^tr^ 
mon sqaare of AC, and there will remain the 
square of CB equal to the rectangle AFo. 

PROP. V. Theoe. 

If from a point in a hyperbola a strai^t 
line be drawn at right angles to tbe 
transverse axis, and from that point a 
straight line be drawn to the nearer of 
the foci ; half the transverse axis is to 
the distance between that focus and the 
centre, as the distance between the per- 

« 

pendicular and the centre, is to the 
sum of half the transverse axis and the 
straight line drawn from the point to 
that same focus. 

Let G be a point in the hyperbola ; from Fig. a ♦. 
G draw GD perpendicular to the transverse 
Axis Aa i and from the same point draw a ^ 

straight line GF to the nearest focus F;' then 
half the transverse axis CA, is to the distance 

K.3 
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BOOK III. between the centre and the focus CF, as the 
'^ ^ ^ distance between the centre and thp perpen- 
dicular CD, is to the sum of half the trans- 
verse axis and the straight line drawn to the 
focus, that is, to CA together with GF. 

Draw GE to the other focus, and in the 
axis aA produced place AH e^ual to GF, 
and from the centre G, and distance GF, de- 
scribe a circle, meeting the axis aA again in 
K, and the straight line EG in the points L, 
M : and because EF is the double of CF, 
and FK the double of FD, therefore EK is 
the double of CD. Again, because EL or 
Aa is the double of CA, and LM the double 
of GF or AH, therefore EM is the double of 
CH : but, on account of the circle, EL or 
Aa is to EF, as EK to EM (con 36. 3. and 
16. 6. Elem.); take the halves of these pro- 
portionals, and CA will be to CF, as CD to 
CH. 

tROP. VL Theor. 

Fig* 3.4. The same construction remaining, if from 
A, the vertex of the transverse axis 
nearest to 6, and in this same axis 
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produced, a part AH be taken equal to book hi. 
the distance between the point G and 
the focus F ; the square of the perpen- 
dicular GD is equal to the excess of the 
rectangle EHF, contained by. the seg- 
ments between the point H and the 
foci, above the rectangle ADa, con- 
tained by the segments between the 
perpendicular and the vertices of the 
transverse axis. 

For since the straight line CH is cut into 
two parts in the point A, the squares of CA, 
CH are together equal to twice the rectan- 
gle ACH, together with the square of AH 
(7- 2. Elem.) that is, because CA, CF» CD, 
CH are proportionals, (preced. prop.) equal 
to twice the rectangle FCD, together with 
the square of AH or OF, that is, equal to 
twice the rectangle FCD, together with the 
squares of FD, DG, that is, equal to the sum 
of the squares of FC, CD and DG (7. 2; E. 
lem.) : therefore the two squares of CA, CH 
are equal to the three squares of CF, CD, 

K 4 
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BOOK in* DG: but ihe mm of the two "Snt isegual 
^ '"" (6* 2. Elem.) to the squares of C A, CF^ toge- 
ther with the rectangle £HF ; and the sum 
of the three last is equal (6. 2. Elem.) to the 
squares of CA, CF, DG, and the rectangle 
ADa : from these equak take away the com- 
mon squares of CA, CF, and there will re- 
main the rectangle EHF, equal to the square 
of DG, together with the rectangle ADa^ 

PROP. VII. Theor. 

If from a point in a hj-perbola a straight 
line be drawn perpendicular to the trans- 
verse axis ; the square of the txansverse 
axis is to the square of the second axis, 
as the rectangle contained by the s^ 
ments between the perpendicular and 
the vertices of the transverse axis, is to 
the square of the perpendicular. 

Tig. 3. 4. Let G be a point in the hyperbola ; from 
G draw GD perpendicular to the transverse 
axis Aa ; then the square of Aa is to the 



square of B^^ as the .rectangle ADa, .con* bookiii. 
tained by the segments between the vertices 
ot' the transverse and the point D, is to the 
square of GD. 

Having drawn the straight lines GE, GF 
to the foci, place AH froin the nearest vertex 
to the fo€us F, of the transverse axis, equal 
to GF the lesser of them : then» becMxse CH, 
CD, CF, C A are proportionals ; their squares 
are also proportionals ; but the square of CHt 
is equal to the square of CF together with 
the rectangle EHF, and the square of CD is 
equal to the square of CA together with the 
rectangle ADa (6. 2. Elem.) ; therefore, as 
the whole square of CH is to the whole square 
of CD, so is the square of CF taken firom the 
first, to the square of CA taken from the 
second : therefore the remaining rectangle 
EHF is to the remaining rectangle ADa, as 
the square of CF to the square of CA (cor. 
19. 5. Elem.) ; and, by division, the excess of 
the rectangle EHF above the rectangle AD^z, 
is to ADtf, as the (6. 2. Elem.) rectangle AFa 
to the square of CA : but (by the preceding 
prop, and 4. 3.) the square of GD is to the 
rectangle ADa, as the square of C6 is to that 
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BOOK III. of CA ; and^ inversely, the square of CA is 
to .the square of CB, as the rectangle ADa 
is to the square of GD. 

Cob. The squares of straight lines drawn 
perpendicular to the transverse axis from 
points in a hyperbola, or in opposite hyper- 
bolas, are to one another, as the rectangles 
contained by the segments intercepted be- 
tween those straight lines and the vertices of 
the transverse axis ; as was shown in the el- 
lipsis (1. cor. 6. 2.). 

PROP. VIIL Theoe. 

If from a point in a hyperbola a straight 
line be drawn perpendicular to the se- 
cond axis ; the square of the second 
axis is to the square of the tranverse, 
as the sum of the squares of half the 
second axis, and of its^ segment between 
the perpendicular and the centre, is to 
the square of the perpendicular. 
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From a point G of a hyperbola, draw GN book hi. 
perpendicular to the second axis Bb; the ^.^ "^ 
square of Bb is to the square of Aa, as the 
sum of the squares CB, CN, to the square of 
GN. • • 

Because, by the preceding, the square of 
CA is to the square of CB, as the rectangle 
ADa is to the square of GD : therefore, in- 
versely, and by proposition 12. B. 5. £lem. 
the square of CB is to the square of CA, as 
the sum of the squares of CB, GD is to the 
square of CA, tcjigether with the rectangle 
ADa, that is, as the sum of the squares of 
CB, CN is to the square of CD or GN. 

Cor. Hence, if from two points of a hyper- 
bqla, or of opposite hyperbolas, perpendicu- 
lars be drawn to the second axis, the square 
of the one perpendicular is to the square of 
the other, as the sum of the squares of half 
the second axis, and of the distance between 
the former perpendicular and the centre, is to 
the sum of the squares of half the second axis, 
and of the distance between the latter and 
the centre* 



156 COHIC SBCTIOKd. 

BOOK III. 

-^.^ PROP. IX. Theoiu 

■ • 

A straight line terminated both ways by a 
hyperbola^ or opposite hyperbolas, and 
parallel to either axis, is bisected by the 
other axis ; or, what in the same thing, 
the axes, are conjugate diameters. 

Fig. 6. First, let the straight line DE be parallel 
to the second axis Bby and meet the trans* 
verse in F ; and thus the square of DF is to 
the ^uare of EF as the rectangle AFa is to 
the (cor. 7. 3.) rectangle AFa : therefore DF, 
F£ are equal. 

Next, let DG be parallel to the transverse 
axis Aay and meet the second axis B6 in K; 
and thus the square of DK is to the square of 
KG, as the sum of the squares of CB, CK is 
to the sum of the same squares (cor. preced.) 
of CB, CK : therefore DK, GK are equal. 

PROP. X. Theor. 

A straight line terminated both ways by a 
hyperbola, or opposite hyperbolas, and 
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bisected by either axis is parallel to the bookui« 
other axis. 



First, let DE be bisected by the traasverse 
axis in F ; and draw DK» £L parallel to the 
same axis, and meeting the second axis in the 
points K, L ; then, because DF, F£ are e- 
qual, KC, CL are also equal : but the square 
of DK is to the square of EL, as the squares 
of CB, CK together, to the squares of CB, 
CL together ; therefore DK, EL are equal, 
and they are parallel : consequently D£, KL 
are also parallel (SS. 1. Elem.)- 

Next, let DG be bisected by the second 
axis in the point K, and draw DF, GM pa- 
rallel to the same axis, and meeting the trans- 
verse axis in F, M ; then, because DK^ GK 
are equal, FC, CM are likewise equal ; and, 
of consequence, FA, aM are equal : now the 
square of DF is to the square of GM, as the 
rectangle AFa to the rectangle Ai/la j but 

the rectangles AFa, AMa are equal; and 

> 

therefore the straight lines DF, GM are e 
qual, and they are parallel; consequently 

DG, FM are likewise parallel (33. 1. Elem.) 

> 

Cq». It is manifest from the demonstration* 



Tig. 6. 
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Bootm. diat the straight lines DF, 6M, which are 
~ ' ~^ parallel to either axis BJ, and cut ofl^ between 
the centre and the points where they meet 
the other axis, equal segments FC, MC, are 
also equal. In the same manner, DK, EL 
are equal, which are parallel to the axis Aa, 
and cut off the equal segments CK, CL« 

And the contrary : if DF, GM are equal 
to each other, and parallel to Bi, they cut off 
equal segments FC, MC. In like manner, if 
DK, EL be equal to each oiher, and parallel 
to Aa, they cut off equal segments CK, CL. 

< 

PROP. XL Theor. 

Any straight line perpendicular to the 
transverse axis, and meeting it below 
the vertex, will meet the hyperbola in 
two points. 

Fig. 6. 7. L^j j)Q jjg perpendicular to the transverse 
axis Afl, and meet it in C, below the vertex 
A; then DC meets the hyperbola in two 
points. Let E, F be the foci j and from C, 
place CG equal to CF, the distance between 
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C and the nearest focus ;^ and from the other bookiii. 
focus place EK, equal to the transverse axis ^ ^ ^ 
Aa. If then, the point C be below the focus ^'g- «• 
F) it is evident, that EK is less than EG : 
but in the other case where the point C is 
above F; since Aa^ EK are equal, AK is Fig.r. 
equal to flE, that is, to AF j and, by hypo- 
thesis, FC is less than FA;, twice FC is, 
therefore, less than twice FA, that is, FG is 
less than FK ; and thus EK is less than EG : 
make then as EK to EF, so is EG to a fourth f«- ^ 7. 
proportional EH ; and since EK is l6ss than 
each of the two EF, EG, and of consequence, 
muchrless than EH ; therefore EK, EH are 
(25. 5. Elem.) together greater than EF, EG 
together. From these unequals take away 
twice EK, and KH will be greater than KF 
and KG together, that is, than twice KC ; 
for CF is equal to CG : hence, if KH is bi- 
sected in L, KL will be greater than KC ; 
and therefore the point L falls below the 
straight line CD ; and a circle described from 
the centre E, with the distance EL, will ne- 
cessarily, meet CD in two points D, d. De- 
scribe, from the centre D, distance DF, ano- 
ther circle, which (S. 3. Elem.) will pass 
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BooKiu. thraugli the point G ; join DE, and let 
^-"^^-^ circle meet it in the pcnnts M, N} and be-» 
cause £K is to £F, as EG to EH, the ree* 
tai^e HEK is equal to the rectan^ FEG, 
that is, to the rectao^ MEN (cor. 36. 3. 
ElemO; and ED, EL are equal; and thus 
their squares are equal; from which take 
away tiie equal rectangles MEN, HEK, and 
the remaining square of DM, or DF is equal 
to the remaining square of KL(6. 2.EIem.); 
consequoitlj . DM and KL are equal, and 
which being taken from the equals ED, EL, 
the remainder EM is equal to the remainder 
£K, or the transverse axis Aa ; and ^M is 
the excess of DE above DF ; therefore the 
point D is in the hyperbcrfa. In like manner 
it may be demonstrated that the point d is in 
the hyperbc^ 

DEFINITION X. 

Fig. 8. If through one o£ the vertices of the trans- 
verse axis a straight line be drawn equal and 
parallel to the second axis, and bisected by 
the transverse axis ; the straight lines drawn 
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through the centre and the extremities of the.BOOKiu. 
parallel are called the asymptotes. ^^ 

Cor. 1. The asymptotes of two opposite 
hyperbolas are common to both. 

For let CD, C£ be the asymptotes of the 
hyperbola AF, and draw through the vertex 
A of the transverse^ axis the straight line DAE 
parallel to the second axis B6, and through 
the other vertex a the straight line dae paral- 
lel to D£ ; then because CD, C£ are asymp- 
totes, DA, AE are each of them equal and 
parallel to CB, half the second axis : and be* 
cause D£, de are parallel, and CA, Ca equal, 
(by simil. trian.) adj ae are equal and parallel 
to AD, AE ; cpnsequently they are equal and 
parallel to half the second axis : therefore 
C(/, Ce the continuations of CD, C£, are also 
asymptotes of the opposite hyperbola a« 

Cob. 2. Hie asymptotes are parallel to 
straight lines joining the extremities of the 
axes; for if AB, iA be joined, C£, CD are 
parallel to them (S3. 1. Elem.)- 
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POOKIII. 

""^^^^^ PROP. XIL Theob. 

The as3nii^totes do Hot meet the hyper- 
bola. 

F«- «• Let there Be a hyperbola, the transverse 
axis of which is Aa^ and the centre C ; and 
through A draw a straight line perpendicular 
to CA, and in thid perpendicular lakie At), 
AE, equal, each of them, to half the second 
axis ; join CD, CE ; which are therefore the 
asytriptotes : now if possible, let CD iheiet the 
hyperbola in F, ahd through P dratv a straight 
line parallel to DA, and meeting the axis Aa 
in G J and since the rectangle AGa is to the 
square of GF, as the square of CA is (7. ^.) 
to that of CB or AD, that is, as the squate of 
CG is to that of GF, therefore the rectangle 
AGa is equal to the square of CG ; which is 
absurd (6. 2. Elem,) : the asymptote, there- 
fore, meets not the hyperbola in F. In like 
manner it may be shown, that it does not 
meet the hyperbola in any other point. 
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Boo^rir. 
PROP. XilL Theoe. vtf^Y-^ 

I 

If through a pi^int of a hyperbola a 
ittiiight litlis be drawn parallel to tUt 
kekbtidkkik, aiid iiifeetitig th6 kiylAxptd^ 
tes ; tlie rectangle contained by its seg- 
ment. intercepted between tfie asymp- 
totds and that pointy id equal to the 
sqtlaf^ bf h^lf thd Second axis. 

; 

I^ F bk a j;)btiit in the hy^rbdla ; thrbtigh Fig.s. 
F draiir KFL pahdlel to thb s^cb»d axi^ j and 
meeting the asymptotes in the points K, L; 
the rectangle KFL, is equal to the square of 
Cti. 

Through ihe vertex A of thfe tran^vetse axis 
dfattr 33A£ hieeting the ^ytiif^totes iti the 
pbihi^ Din; iiiA let KL meet the isnhe A±h 
iti G .* therfefore AD, AE are eSch of Ihfeth 
equal and parallel to half the second dxis. 
To the second axis draw the straight line FM 
parallel to C A ; and, by prop. 8. of this book, 
the square of CB or AD will be to the square 
of CA, as the sum of the squares of CB, CM 

L 2 
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BOoiriii» is to the square of FM or GC ; and (by simiL 
trian.) the square of AD is to the square of 
AC^ as the square of KG to the square of 
GC ; therefore the sum <^ the squares of CB, 
CM is to the square of^GC, as the square of 
KG is to the same square of GrQ : conse- 
quently the sum of the squares of CB, CM is 
equal to (9. 5. Elem.) the square of KG: 
from these equals take the equal squares of 
CM, FG, and the remaining square of CB is 
(5. 2. Elem.) equal to the remaining rectan- 
gle KFL, In like manner, if KL meets the 
hyperbola again in H, it may.be shown, that 
the rectangle KHL is equal to the square of 
CB. 

Cob. Hence if in a straight line KL ter- 
minated by the asymptotes, and parallel to 
the second axis, there be taken a point F, 
so situated, that the rectangle KFL may be 
equal to the square of the second axis \ that 
point is in the hyperbola. 
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BOOK HI* 

PROP. XIV. Theor. 

I 
I 

If a straight line meeting a hyperbola, or 
the opposite hyperbolas in two points, 
meets also the asymptotes ; the rectan* 
gle contained by the segments between 
the asymptotes and the one point, is 
equal to that contained by, the segments 
between the same asymptotes and the 
other .point : and the straight lines in* 
tercepted between the asymptotes and 
the points in the hyperbola are equal. 

Let AB be a straight line meeting the hy- Fig 9. 
perbola, or opposite hyperbolas, in the points 
A, B, and the asymptotes in C, D ; then the 
rectangles GAD, CBD are equal ; and also 
CA, BD are equal. 

Through the points A, B draw straight 
lines parallel to the second axis, and meeting 
the asymptotes in £, F and in G, H : and 
since, by the preceding proposition, the rec- 
tangles EAF, GBH are each of them^ equal 

L 3 



9Q0¥ i\u to the square of half the second axis, they 
are equal tq piLc\t other ; therefore, as E A to 
6B9 so is BH to AF : but the triangles being 
equiangi^i^, as EA tft <3}p^ ^o if Qj^ tft g^i 
and as BH to AF, sa is BD tq AD : there- 
fore as CA to CB so is BD to AD ; therefore 
the rectangle CAD is equal to the rectangle 
GBD: takeaw^j, on add the commoQ lec- 
tan^e 4C, l^IX, ^cc^f dii« ^ ^^^ Rfiiu^ are 
iq the same, pr in pppq^ite hyp? rl^o^as, and 
the rectangle CAB is equal to the rectangle 
ABD ; and therefore the straight lines AC, 
BD are equal (1. 6. Elem.). 

^q^r. If froip ^wp ppi^^ A^^ I4 in i^ i|)fper. 
bola, to either asymptote KC straight lines 
AM, LN he drawn parallel to theothecasymp- 
tote ; and from any pther point B ii\ the hy.- 
perbola the straight lmes| AB, LB be dsawn 
meeting the same asyjnptoyte KC ii^ C, O; 
then CO, MN are equal. Jfor let AB, LB 
meet the asymptote KB ii^ the poipts D, P, 
and to the other asymptote KC draw BQ 
parallel to the asymptote KB : because AG, 
BD are equal, a^ alsp QL, BF; therefore CM, 
QK are equal, as also ON, QK : consequently 



QM ift ^llHal tfx f3^ } 40d MO bemg com* Boqsfir.j 
nw»,(CQ.'.MN ate U^vvjsp. equal. 



^ * » 



* a 

If through two points in a hyperbola, or 
in opposite hyperbolas, two parallel 
straight lines be drawn which meet the 
9?jpptotes; the Rectangles contain^d 
by th.e;r p^grasjits betwegp t^ie points 

qnd th« iwy wpitQtf ^ »i?e equal 

Le^ Ai B be two pdiots in a hyperbola, «• Fig. lo. 
is ftpppsitfi hyperbolas J thrppgh these points °'^* 
dr*.w C©, ^5! ^rallel tgi each other, and 

meeting the asymptotes QC, OD in the points 
Q I) ant} 1^, P ; the rectangles CAD, EBF 
^reieqijalf 

Tbrougb Ike painte A,Bto the asymptotes 
4r4V fbe straight lines GAH, KBL parallel 
to the second axis.; an^ because the rectan. 
gm GAH, KBL are each of them equal (is. 
^} to the square of half the second axis, they 
^fe equjtf t0 each other : therefore GA is to 
^y as. BL to AH : but the triangles GAC, 

L 4 
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BOOK in. KBE being equiangular, GA is to KB, as GA 
''^'Y-^ to EB ; and the triangles LBF, HAD being 
equiangular, BL is to AH, as BF to AD : 
therefore CA is to EB, as BF to AD ; and 
consequently the rectangles CAD, EBF are 
equal* 

^i^* 10* CoE. 1. Ai3d if throu^ the centre a strath t 
line AOM be drawn meeting both the hyper- 
bolas, and parallel to the straight line BEF ; 
the square of either segment AO, intercepted 
between the centre and either hyperbola, is 
equal to the rectangle EBF. The demon- 
stration is the same as in. the proposition. 

Cob. 2. Hence any straight line drawn 
through the centre, and terminated by op- 
posite hyperbolas, is bisected in the centre. 

Fig- 10. Cor. 3. If CD, EF meet a hyperbola, or 
its opposite hyperbola again in the points M, 
N, the rectangle ACM 6t ADM, is equal to 
the rectangle BEN or BFN : for AC, MD 
are equal, as also BF, N£. 

Fig. 10. Cor. 4. And sin^ it has been proved, that 
the square of the semidiameter AO or OM is 
equal to the rectangle EBF, that is, to BEN; 
therefore BE is to AO, as AO to EN i and 



h. 1. 
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consequently BN is greater than (25. 5. E- bookiii. 
Icm.) twice AO, that is, than AM j that is, ^""nr^ 
any transverse diameter is less than any other 
straight line parallel to it, and terminated in 
opposite hyperbolas. 

Cor. 5. If in a straight line BN terminated 
by the hyperbolas, there be taken the points 
£, F such, that each of the rectangles B£IN,' 
BFN be equal to the square of the semidia* 
meter AO, which is parallel to BN; the 
points E, F are in the asymptotes, 

PROP. XVI. Theor. 

If fi'om a point in a hyperbdia to the asymp- 
totes any two straight lines be drawn, 
to which other two straight lines drawn 
to the asymptotes from any other point 
in the same, or opposite hyperbola, are 
parallel ; the rectangle contained by the 
former straight lines is equal to that 
contained by the latter. 

Let A, B be points in a hyperbola, or in fig, n, 
opposite hyperbolas; through A draw the 



wfqM^}i\. a^raight Itp^ ^Q, AT) $9 ^ ^j^fuptpt^^ 
i^) : tbf cfii5t»i»glfc ^4P ift eqiwl tot Oie 

Draw through the po.ii}t$ ^ B tp the ar 
if^ ^a the sgftppdl a^i%, ^n^ ^he pr-qpo^jt joft ; 

qvijhbe 4finQna(.ri»^A »q t^ft«»?! w<v^8 with 
tli8 pre?»4i«g- . 

Cor. 1. Henfs^ji if froqn (wo ppin^s iu a 
hyperbola, or opposite hyperbolas, to one or 
both of the ^GQ^^totes, two str£|ight lines be 
drawn parallel to the other asymptote, or to 
bqth ef them ; the rectangles contained by 
ewt: I»i^el afti the 4^c|9«i • betWf^Q it 

Xjet A^ B be the points; throug}\ th^m 
draw AC and BE, or BF, parallel to the 
asymptotes ; . the rectangle contained by the 
parallel AC, and the ^scissa CO between AC 



* In general, the ports cut off in an indefinite straight line, 
and estimate from a g|Ten po;nt, hy parallels <|rawn from any 
curve Sine, and foratiBg with it a given angle, are called AhscUsmy 
or abscittaa ; and the pamllelf are oaUtd Otdim^tei to that cnrre. 



OP B?^= Far «QPptete :^^ p^mUploar^mf '^«=*"*' 

he equaU 

Cor. fj. And $ipfle, l;^^e rfctspgle* ^4^ 
EBJP are eqwi, A^C ^ tft RE, 4s W ^ APl 
md the paraBtlogimwft ACOP, Si^QF bfing 
Qqw»(^l»r* the}; ?i'e thfifflferf fiqy^ (H, 6, 

pi^OP. XVII. Thbw. 

Any 9tr?ight \ix\f df^vn thrpug^ the 9^^- 
tre, and 1?ithin tHie f(Pg^ poQtaiiied by 
the asymptotes, meets the hyperbola. 

Let AB^ AC be the asymptotes, and AD Fig. i% 
the half of the transverse axis, a^d let AEbe 
any straight line drawn from the centre, and 
passing within the angle BAC } tki» straight 
lifte AB meets the hyperbola. For if AB 
meets not the hyp^bqla, through B di«w 
BDO parallel to the second axifi, and meeting 
the asymptotes in B, C ; draw also DF paral- 
lel to AB, and let DF meet A£ in f ; and 
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BOOK III. having taken BG equal to DF, join GF, 
'^ ^ ^ which will be equal and pardlel to BD, and 
will therefore meet the transverse axis at right 
angles, and so will cut the hyperbola (U.S.): 
let it cut it in H on the same side of AD 
with the point F ; and let it meet the other 
asymptote in K : since, therefore, the point 
F is without the hyperbola, GH is greater 
than GF, that is, than BD ; and HK is greater 
than DC : therefore the rectangle GHK is 
greater than the rectangle BDC, that is, than 
the square of BD : but, by the 1 Sth of this 
book, the rectangle GHK is equal to the 
square of BD j which is absurd. Therefore 
AE necessarily meets the hypeAola. 

Fi;. la Cor. If from the centre a straight line OA 
be drawn within the angle contained by the 
asymptotes ; and the square of that straight 
line be equal to the rectangle £BF, contained 
by the segments of any straight line parallel 
to OA, which are intercepted between the 
point B, where that parallel meets the hyper- 
bola, and the points E^ F where it meets the 
asymptotes ; the point A is in one of the hy« 
perbolas. For, according to the proposition^ 
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tbe straight line OA necessarily meets ^tfae aooKiii* 
hyperbola^ if, therefore, it ipeets not the hy- ^ ^ ~^ 
perbola in A, it must meet it in some other 
point P; and then the square <^ OP will be 
equal to the (1. cor. 15. S.) rectangle £BF» 
that is, to the square of OA ; which is absurd. 
Therefore the point A is in the hyperbola. 

PROP. XVIIL (FroT^ 13. B. 2. ApoO.) 

If within the angle ccmtained by the 
asymptotes, any straight line be drawn 
paraUel to either of the asymptotes ; it 
meets the hyperbola in one point only^ 
and passes within the hyperbola. 

Let there be a hyperbola, the asymptotes ^* ^2- 
of which are AL, AM ; take any point N, 
and through N draw NO parallel to AL ; the 
straight line NO will meet the hyperbola. 
For, if possible, let NO not meet the hyper- 
bola; in the hyperbola take any point P, 
through which draw PQ, PM parallel to AM, 
AL ; and make the rectangle ANO equal to 
MPQ; and having joined AO, produce, it. 



^4 eoitlt sK^^okS. 

■Odtm. a6 Will Iheet Hlfe hjrf,ef«dUi (17. ^.)t Ifet it 
ihdfet it ih thel ^nt R, aM tHroUgh R d»W 
RS, RT (HlHiHel tb AM; AL ; tliehifbi'e the 
recmigle M)?Q is Sqiud id tW (16. ^.) i'«<;- 
taUglfe TUB : bbithe rbcttti^li AI^O Us iaiOi 
e^uil td t&e ^^nid MpQ^ defl^liefatly (lib 
rectaii^le T^S; tUt is; t^e r6cb»i^« ATRj 
is equal to ANO ; which is impossible ; be- 
6tMi)d kT is gtdikr than NO, arid At greaibr 
than AN: therefore NO must meet the by- 
p^tbol^t Let it itiget it in the pbint V ; add 
it cenrnin^ to be (Proved that it does not meet 
it in any other point: for, if posstb)e» let it 
meet the hyperbola likewise in X, and through 
t, X draw VY, XL parallel to AM ; there- 
fore thei i-ectarigW ^V ife equkl to M rec- 
tangle NXL ; which is absurd : therefore NO 
meets the hyperbola do where but in the point 
V. Lastly, in the strai^t line NV produced^ 
take the poini; X^ ktid thrbugh X dnt# a 
straight; liiie p£irallel to AN» and led this pa;- 
rallel iheet AY in L ^nd the hyperbola in Z ; 
therefore the rectabglfe XLA is gffeater thkn 
VTA, that iSi than ZLA ; thcrefbre LX is 
greater thin LZ; arid thu^ the point X ii 
within the hyperbola. 
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Coil. 1; ItiippMf^ ftwA thb demoiist^irtloii) tddttitfe 
tk^t a straight line drawn thi^stigh t&t» centre^ 
fttad paMiDg bet\^een thb adyttipt»Ms t itieete 
the hyperbola in orte point odly ; fbt should 
Aft miset the hyp^rbbk itk sltiothet p6iht (^ 
the rectangles RTA, ON A would be et][bal^ 
which id absui-d. 

Cott. 2« And if a straight Un« ttltet a hy- 
perbola, or opposite hyperbolas, in two poi^ts^ 
it meets both the asymptotes : for if it were 
parallel to the one of the asyknptotes, it would 
meet the hyperbola in only one point 

t!6fe. Si And if a Straight litie toutft a h>^. 

t^erbola, it tb^eM hmh thhsaymptiv^ ] fbr if 

it wer^ parklM to the O0e of them^ it would 
pass within the hyperbola ; which is absurd. 
Cor. 4. If through the point N in one 
asytnptote a straight line 1^ be drawn pa- 
rallel to the bthfeh mM ih this strkight line, 
iSKAd tiHIMK ^\d aiigfe eb»lalning tiM^;hyper- 
bdla^ a ^biiit' V be talced^ making the reetangle 
VNiA, qpntaiqed by a straight line between 
the asymptote AM and the point V, and the 
abscissa between it aik^ the centre, equal to 
th'e rb'dtabgfe l^MA, (rbtltditi'^d by H stl-ilight 
RAe 4nmi fr^ffi linf pditft P-^l' tU Hfp&i^h, 
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BOOK III. SO as to be parallel to the asymptote AL, and 
'"■ ' "^^ the absc&sa between this parallel and the 
* centre ; the point V is in the hyperbola. For 
if NO meet not the hyperbola in V, let it, if 
possible, meet it in X : the rectangle XNA 
is, therefore, equal to the rectangle PMA, 
that is, to the rectangle VNA } which is ab- 
surd. Therefore the point V is in the hyper- 
bola. 

PROP. XIX. Theob. 

F5g. 13. If through a point A of a hyperbola a 
straight line be drawn meeting both the 
asymptotes in the points B, C ; if from 
either of the points C, another straight 
line CD be, placed equal to the striEught 
line intercepted between the point A 
in the hyperbola and the remaining 
- point B, so that the extremity D of the 
straight line CD, and the pojnt A in 
the hyperbola, may be either both be- 
tween, or beyond, the points B, C; 
the point D, in the first case, is in 
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the hyperbola in which the point A is ; w>w in, 
but in the second, it is in the opposite 
hyperbola. 

Let G be the centre of the hyperbolas, and 
through A, D, to either asymptote GB,draw 
straight lines AE, DF parallel to the remain- 
ing asymptote : and, because of the parallels, 
BA is to DC, as BE to FG j but BA, DC 
are equal ; therefore BE, FG are equal ; and 
consequently BF, EG are also equal : and 
because of the equiangular triangles, AE is 
to DF, as BE to BF, that is, as FG to EG ; 
therefore the rectangle AEG is equal to the 
rectangle DFG : but the point A is in the 
hyperbola ; and because GF is an asymptote, 
the point D is also in the hyperbola (4. con 
preced. prop.). 

PROP. XX. Theor. 

If a straight line cuts the asymptotes, but 

opposite to the angle adjacent to that 

containing a hyperbola ; it meets e&ch 

of the hyperbolas in only one point* 

M 
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BOOK III. Let there be a hyperbola, the asymptotes 
^. ^^ of which are GB, GC, and let the straight 
line BC cut them in the points B, C ; and 
having taken in the hyperbolas any point H, 
and drawn HIK parallel to BC, meeting the 
asymptotes in I, K ; to the straight line BC 
apply a rectangle equal to the rectangle IHK, 
and exceeding by a square (29. 6. £lem«) ; 
and let either A, pr D be the point of appli* 
cation ; the points A, D are in the hyperbo- 
las. For through A, H draw the straight 
lines AE, AN, and HL, HM parallel to the 
asymptotes; and because the /ec tangles BAC, 
KHI are equal, BA is to KH as HI to AC ; 
but, because of the equiangular triangles, BA 
is to KH as AE to HL; and HI is to AC, as 
HM to AN ; therefore AE is to HL, as HM 
to AN } and therefore the rectangle E AN, or 
AEG, is equal to the rectangle MHL, or 
HLG : but the point H is in the. hyperbola ; 
therefore the point A is also in the same, or 
in the opposite hyperbola (4. cor. 18. 3,). In 
the same manner D is shown to be in the 
hyperbola opposite to that in which the point 
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A is. And it is manifi^^ that BC does not book in. 
meet the hyperbolas in any other point. 

Cor. Hence, if a straight line BC cut both 
the asymptotes^ but opposite to the angle ad« 
jacent to that containing the hyperbola, and 
in BC produced a point A be taken such, 
that the rectangle BAC be equal, either to 
KHI, contained by the segments of any 
straight line HK parallel to BC, intercepted 
betweeji the point H where HK meets the 
hyperbola, and the points K, I where it meets 
the asymptotes, joy to the square of the semi* 
diameter parallel to BC ; the point A is in 
one of the hyperbolas (!• cor. 15. 3.). 

• . - 

PROP. XXI. Thkob. 

If a straight line cut both the asymptotes 
of a hyperbola, and if the square of half 
this line be not less than the rectangle 
contained by the segments of ano- 
ther straight line, drawn parallel to it^ 
through any point of the hyperbola, 
intercepted between the hyperhola and 

M 2 
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BOOK III. the asymptotes ; this straight line meets 

the hyperbola 

Fig. 11. Lgj there |)e a hyperbola, the asymptotes 
of which are OC, OD, and let a straight line 
GH cut them ; in the hyperbola take any 
point M, and through M draw a straight line 
parallel to GH, meeting the asymptote in K, 
L ; if the square of half G H is not less than 
the rectangle KML, the straight line GH 
meets the hyperbola. 

To the straight line GH apply a rectangle 
equal to the rectangle KML, and deficient 
by a square ; which, from the determination, 
is possible (27. 28. 6. Elem.), and let A be 
the point of application ; this point will be in 
the hyperbola : for if the straight lines AC, 
MN be drawn through the points A, M pa- 
rallel to the asymptotes, the rectangles ACO, 
MNO will be equal (1. cor. 16. 3.) j because 
the rectangle GAH is (15* S.) equal to the 
rectangle KML ; but the point M is in the 
hyperbola, therefore the point A is also in it. 
In like manner it may be proved, that the 
other point of application is in the hyperbola : 
but if the square of the half of GH be equal 
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I 

to the rectangle EML, the point bisecting book in. 
GH is the only point of GH th^ can be in 
the hyperbola. 

Cob. Hence, if in a straight line GH cut- 
ting the asymptotes OK, OL of a hyperbola, 
a point A be taken, making the rectangle 
GAH equal either to the rectangle KML, 
contained by the segments of any othet 
straight line KL parallel to GH, intercepted 
between the point M where KL meets the hy* 
perbola, and the points K, L, where it meets 
the asymptotes ; or, equal to the square of 
the segment of the tangent parallel to GH, 
between the asymptote and point of contact; 
the point A is in one of the hyperbolas. 

PROP. XXII. (Prop. 14. B. 2. Apoll) 

An asymptote and the hyberbola, produc- 
ed indefinitely, continually * approach ; 
and the distance between them becomes 
less than any given distance. 



* See Proposition XII. 

M a 



1-82 CONIC SECTIONS. 

BOOK III. Let there be a hyperbola, the asymptotes 
^Tf^ of which we AB, AC, and let D be the given 
distance ; and let E, F be two points in the 
hyperbola, through which draw GEH, CFL 
parallelto^cfa olJier, and ineetingthe asymp* 
totes in the; points G^ H and C, L ; join AE, 
and let it meet CL tn K; then, because the 
rectangle GEH (15. 3.) is equal to the rec- 
tangle CFL, LF is to HE, as EG is to FC : 
but LF is greater than HE, because KL is 
greater than: HE; therefore EG is also greater 
than FC. . In like manner it may be proved, 
that the parallels which follow are succes- 
sively less than FC. Take then a distance 
GM less than the given distance . D, and 
through M draw MN parallel to AC j there- 
fore MN will meet (18. 3.) the hyperbola : let 
it meet it, in N, and through N draw ONB 
parallel to GH ; therefore the distance ON 
is equal to GM, and therefore less than the 
given distance D. 
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BOOK iir. 

PROP. XXIII. 

I 

If a straight line intercepted between the 
asymptotes meets the hyperbola, and is 
bisected in the point where it meets it; 
this line touches the hyperbola : and if 
it touch the hyperbola, it is bisected in i 
the point of contact. 

Let there be a hyperbola, the asymptotes Fig. i5. 
of which are AB, AC, and let a straight line 
BC, terminated by the asymptotes, meet it 
in the point D, and be bisected in D; the 
straight line BC touches the hyperbola. 

Through D draw DE parallel to the one 
asymptote AC, and meeting the other in E ; 
and ip BC take any point G, through which 
draw GH parallel to DE ; GH will meet the 
hyperbola (18. 3.) in some point F: then, be- 
cause BD, DC are equal, B£, EA arci also 
equal ; and, because of the equiangular trt>- 
angles, BE is to ED, as BH to HG ; there^ 
fore (1.6. Elem.) the rectangle BE A is to the 
rectangle DEA, as the rectangle BHA to 

M 4 
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BOOK in. GHA : but the rectangle BE A is (5. 2. £- 
^ ^~^ leiD.) greater than BHA ; tlierefore the rcc 
tangle DEA is also greater (14. 5. Elenu) 
than the rectangle GHA ; that is* because F 
is in the hjrperbola, the rectangle FHA is 
greater than the rectangle GHA ; and there- 
fore FH is greater than HG : therefore the 
point G is without the hyperbola ; and there- 
fore the straight line BC touches the hjrper- 
bola in the point D. 

OTHEKWIBE. 

^« 1^ If a straight line LM, terminated by the 
asymptotes, is bisected by the hyper- 
bola in the point D, it touches the hy- 
perbola in this point. 

It is plain that the straight line LD passes 
not within the hyperbola; for if it passed 
within the hyperbola it would necessarily 
jneet it again in another point, because the 
points L, M are without the hyperbola : but 
it is impossible for it to meet the hyperbola 
in any other point but D. For, if possible, 
, let it meet it likewise in N ; therefore NM is 
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(14. 3.) equal to DL, that is, according to sookiu« 
the hypothesis, to DM: which is absurd, '^ » ^^ 
Therefore LM falls not within the hyperbola^ 
nor meets it any where but in the point D ^ 
and therefore LM touches it in D. 

On the contrary : if the straight line LM, 
terminated by the asymptotes, touch the hy* 
perbola in D, it is bisected in the point of 
contact. 

For if LD, DM are unequal, from DM the 
greater take away MN equal to LD the less; 
therefore the point N is (19. 3.) in the hyper- 
bola ; and therefore, contrary to the hypo- 
thesis, LM cuts the hyperbola. 

Cor. 1. Hence through the same point of T\g. is. 

Ill ^Iv 

a hyperbola, only one straight line can be 
drawn touching the hyperbola. 

Let D be a point in the hyperbola, and 
through that point to the aisymptote AB draw 
a straight line D£ parallel to the other ; and 
take EB equal to EA, and having joined BD, 
let it meet the asymptote AC in C: then, 
since BE, EA are equal, BD, DC are also 
equal ; BC, therefore, touches the hyperbola 
in D. And no other straight line can touch 
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BOOK III. it in the same poiot D : for, if possible, let 
"^^'^^ LDM also touch it ; then, since BE, E A are 
equal, therefore L£, £A are unequal ; and 
consequently LD, DM are likewise unequal : 
therefore ]urM -does not touch the hyperbola. 
Cor. 2. Hence is manifest, the manner by 
M^hich, if the asymptotes AB, AC of a hyper- 
bola be given in position, a straight line BC 
can be drawn, which shall touch the hyper- 
bola in a given point D. 
Fig. 16. Cob. S. If through the vertices of a trans- 
verse diameter two straight lines be drawn 
touching the hyperbolas, they are parallel to 
each other. Let AC, BC be the asymptotes, 
and let AOB, QPR touch the hyperbolas in 
the vertices of the transverse diameter OCP; 
the tangents AB, QR are parallel. Draw to 
either asymptote AC the straight lines OS, 
PT parallel to the other, and the triangles 
SCO, TCP are equiangular j by the proposi- 
tion, AO, OB are equal, and because of the 
parallels, AS, SC are also equal : and, in like 
manner, QT, TC are equal ; and CO is to 
CP, as CS to CT, and conseq^uently, as CA 
to CQj therefore the triangles OCA, PCQ 
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^re equiangular ; and therefore OA, PQ are bookih. 
parallel* ^ ^ 

Cor. 4. And if a straight line be drawn 
parallel to a tangent, and meeting the hyper- 
bola ; the square of the segment of the taa« 
gent between the point of contact and either 
of the asymptotes, is , equal to the rectangle 
contained by the segments of the parallel, 
between either point of concourse with the 
hyperbola and the asymptotes. For this rec- 
tangle is equal to the rectangle contained by 
the segments of the tangent (1^. 3.) between 
the point of contact and the asymptotes, that 
is, equal to the square of its segment between 
the point of contact and either of the asymp* 
totes, 

• 

PROP. XXIV. Prob. 
The asymptotes AB, AC of a hyperbola. Fig. 15. 

n* 1* 

and a point F in the same, being given^ 
in position ; to draw a straight line 
which shall touch the hyperbola, and 
be parallel to a straight line KO, which 
is given in position^ and cuts both the 
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BOOK III. asjrmptotes of the hyperbola, or oppo- 
site hyperbolas. 

Suppose the problem solved; and let BC 
be parallel to KO, and touch the hyperbola 
in D ; and having joined AD, let AD meet 
KO in P ; draw FRQ parallel to AD, and 
meeting the asymptotes in Q, R ; and since 
the straight line BC touches the hyperbola in 
D, therefore BD is equal to DC (23. 3.) ; 
and consequently KP is equal to PO ; and 
land KO is giv^n in position and magnitude ; 
therefore KP and the point P are given ; but 
the point A is given j therefore the straight 
line PAlD is given in position. Now the 
square of AD is equal to (1. cor. 15. 3.) the 
rectangle QFR ; and since FRQ is given in 
position (28. dat.)j and that AB, AC are 
likewise given in position ; therefore FQ, FR 
are (25. 26. dat.) given j and therefore the 
rectangle QFR is given; consequently the 
square of AD is given ; and therefore AD is 
given in magnitude : but the point A is given 
in position ; therefore the point D is also 
given (27. dat) j and (28. dat.) therefore the 
straight line BBC is given in position. 



ilV. 




K 



THE HYPBEBOLA. 189 

i,^jjM)mpositioii is thus : let KO be bi- — '"' 
in P ; and having joined AP, draw 
I the point F a straight line FRQ pa- 
J AP, and meeting the asymptotes in 
ints R, Q; in AP produced, and in 
direction from the centre, take AD a 
proportional between FQ, FRj and 
trough D draw BDC parallel to KO ; 
'^ BC will touch the hyperbola in D. For 
^the square of AD is equal to the rec- 
■ 'e QFR, the point D is (cor. 17. 3.) in 
"^lyperbola ; and since KO, BC are paral- 
knd that KO is bisected in P by the 
"^ ^ "^'-"^ght line PAD, therefore BC is bisected 

} and consequently touches the hyper- 
in the same point D (23. 3.). 



PROP. XXV. Theor. 

-two straight lines touch a hyperbola, or 
opposite hyperbolas, and cut the asymp- 
totes; the rectangle contained by the 
abscissas of the asymptotes between the 
centre and the one straight line, is equal 
to the rectangle contained by the ah- 
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BOOK III. seissas between tlie centreand the other 

straight line. 

^- !«• Let there be a hyperbola, with AB, AD 
for its asymptotes, let a straight line BD 
touch it in C, and let another straight line 
GE touch the same, or the opposite hyper- 
bola, in F ; the rectangles BAD, EA6 will 
be equal. 

From the points C, F draw CH, CK, and 
FL, FM parallel to the asymptotes; then 
because BCD touches the hyperbola, BC is 
equal to CD, (23. 3.) ; and consequently BA 
is the double of AH, and AD the double of 
HC; therefore the rectangle BAD is the 
quadruple of the rectangle CHA. It may 
be shown in the same manner, that the rec- 
tangle BAG is the quadruple of the rectangle 
FMA: but (16. 3.) the rectangle CHA is e- 
qual to the rectangle FMA; the rectangle 
BAD is therefore equal to the rectangle 
EAG. 
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PROP. XXVL Tmsob. 

If two straight lines touching a hjrperbola, 
or opposite hyperbolas, meet the a- 
symptotes ; the straight lines drawn 
between the point of concourse are pa- 
rallel to each other, and to the straight 
line joining the points of contact. 



Let there be a hyperbola, with AB, AD Fig. w, 
for its asymptotes ; let BD touch it in C, and 
E(t touch the same, or the opposite hyper- 
bola, in F; join BE, DG, and CF; the 
straight lines BE, DG, and GF are parallel. 

Since the rectangles BAD, EAG are e- 
qual, BA is to EA, as GA to AD ; therefore 
BE, GD are parallel : join DF, and let it 
meet BE in N : then since DF is to FN, as 
GF to FE, that is, as (23. 3.) DC to CB j 
therefore BN, CF are parallel. 

CoR. Hence, of two straight lines touch- 
ing a hyperbola, their segments between the 
asymptotes, are cut proportionally^, in the 



192 came ncTiom. 

BOOK III. point O where the two straight lines inter* 
sect each other ; and also in C, F the points 
of contact. 

PROP.XXVII. Theob. 

Every straight line drawn through the 
centre of a hjrperbola, and passing 
within the angle formed by the asymp- 
totes, adjacent to that containing the 
hyperbola, is a right diameter. 

F^f- 1^ Let there be a hyperbola, of which AC, 
BC are its asymptotes, and draw any straight 
line C£ through the centre, and within the 
angle ACD, adjacent to the angle ACB; 
then is C£ a right diameter. 

In BC produced take any point D, and 
through D to C£ draw a straight line DF 
parallel to the asymptote CA ; and having 
made DG equal to DC, join GF, and let GF 
meet CA in H : then, since GH meets the 
straight lines CA, CD, which contain the 
angle adjacent to ACB, it must (20. 3.) meet 
the hyperbolas ; let it meet them in the points 



n.2. 
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Ki L ; there&re KH, LG are equal (14. 3.) : boociu. 
and because CD, DG are equal, and CH, DF "^ 
parallid, therefore HF, FG are equal ; coiuse- 
quently the whole FK in equal to the whole: 
FL ; and therefore CF is (4* de£ 3.) a right 
diameter. 

DEF. XI. 

A straight line drawn through the centre 
of a hyperbola, bisected in the centre, and 
parallel to a straight line which touches the 
hyperbola, and equal to its segment between 
the asymptotes, is called the second diameter 
of the diameter drawn through the point of 
contact. ' 

t 

• r 

Coft, I. Hence every second diameteris a 
right diameter : for it passes within the angle 
formed by the asymptotes, adjacent to that 
cohtaifting the hyperbola (3. cor. 1«. 3.). 

Cob. 2. Hence, the straight lines which 
join the vertices of a transverse diameter, and 
of its second diameter, are parallel to the a- 
symptotes. 

N 
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BOOK 111^ For let OCP be a transverse diameter, and 

^^ ^" MCN its second, and AOB a straight line 

n* «• touching the hyperbola in the vertex of the 

transverse OCP ; the straight lines MO, NO 

are (33. 1« Elem. and 11. def. 3.) parallel to 

Cd, CA* 

DEF. XII. 

« 

A third proportional to two diameters, one 
of which is a transverse diameter, and the 
other its second diameter is called the laius 
rectum^ or the parameter of that diameter 
which is the first of the three proportionals. 

PROP. XXVIII. Theok. 

If from a point in a hyperbola to a trans- 
verse diameter, a straight line be drawn 
parallel to its second diameter; the 
square of the transverse is to the square 
of its second diameter, as the rectangle 
contained by the segments of the trans^ 
verse between its vertices and the par 
rallel, is to the square of the parallel 
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Let Aa be a transverse diameter, Bb its bookiiu 
second diameter, and CG, CP die asympto- "^ y^ 
tes ; from a point D in the b^^rbola to the ^ ^' 
transverse Aa draw D£ parallel to B6 ; the 
square of Aa is to the square of B&, as the 
rectangle AEa is to the square of DE. 

Let DE meet the asymptotes in F, G, and 
draw HAK touching the hyperbola in the 
vertex A ; therefore, by def. 1 1. of this book, 
HA is equal and parallel to E^, and, of con- 
sequence, parallel to F£ ; and, because of 
the equiangular triangles, the square of CE 
is to the square of £F, as the square of CA 
to the square of AH,^ that is, as the same 
square of CA to the (4. cor. 23. 3.) rectangle 
FDG ; the square of CA is, therefore (19. 5. 
Elem.) to the square of AH, as the rectan^e 
AEa to the square of £D ; and therefore the 
square of Aa is to the square of B6, as the 
rectangle AEa to the square of ED. 

Cob. K The squares of straight lines drawn 
from points of a hyperbola, or of the opposite 
hyperbola, to a transverse diameter, and pa- 
rallel to its second, are to one another as the 
rectangles contained by the segments of the 

N 2 
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Booc III* transverse^ intercepted between its vertices 
'^-^j'^^ and tibose parallels; as was shown in the el- 
lipsis (!• cor. 15. 2.) 
Fig. 17. Cor. 2. And on the contrary : if a hyper- 
bola AM» having Aa for a transverse diame- 
ter, and Bb for its second diameter ; and if 
from a point D to the transverse Aa a straight 
line DE be drawn parallel to the secpnd, and 
meeting the transverse produced in E ; and 
if the square of CA be to the square of CB^ 
as the rectangle AEa to the square of ED ; 
the point D is in the hyperbola. For since 
DE is parallel to BC, and consequently to 
HK» which touches tfafe hyperbola in the verr. 
tex of the transverse diameter ; DE will ne* 
gessarily meet the asymptotes (S. con 18. 3.\ 
and of consequence the hyperbola, because 
the point E is in Aa produced : if, then, it . 
does not meet the hyperbola in D, let it, if. 
possible, meet it in another point df, on the 
same side of Aa with the point D ; therefore 
the rectangle AEa is to the square of (/E, as 
the square of CA Jto the square of CB, that 
is, by hypothesis, as the rectangle A£a to the 
square of DE ; therefore dE^ DE are equal ; 
which is absurd. Therefore DE meets not 
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the hyperbola in d^ nor, as is evident, in any booe n) 
point but D« 

Cob. S. Substitute the word hyperbola in 
place of elUpsiSj and the third corollary of 
prop. 15. B. 2. becomes also a corollary frodi 
this proposition. 

PROP. XXIX. Theoe. 

If from a point of a hyperbola to a second 
diameter, a strright line be drawn pa- 
rallel to its transverse diameter ; the 
sq^uare of the second diameter is to the 
square of its transverse, as the smn of 
the squares of half the second diameter, 
and the segment between the centre and 
the parallel, is to the square of the pa- 
rallel. 



Froin D, a point of the hyperbola, to the Fig. u^ 
second diameter Bi, draw DL parallel to its 
transverse diameter Aa ; the square bf B^ is 
to the square of Aa, as the sum of the squares 
of CB, CL is to the square 6f DL. 

N S 
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Boociii. Tbroo^ the pmot D draw D£ parallel to 
BC ; and since, by the preceding proposition^ 
the square of CA is to the square of CB, as 
the rectangle ASm to the square of £D; 
therefore, inversely, and by pr<^. 12. 5. £- 
lem. the square of CB is to the square of CA, 
as the sum of the squares of CB» ED to the 
square of CA^ together with the rectangle 
AEtf, that is, as the sum of the squares of 
CB, CL to the square ^ EC or DL. 

Cob. 1. If from two points of a hyperbola^ 
or of opposite hyperbolas, to a second diaine 
ter, two straight lines be drawn parallel to its 
transverse diameter ; the square of the one 
parallel is to the square of the other, as the 
sum of the squares of half the second diame- 
ter and the distance between the first parallel 
and the centre, to the sum of the squares of 
half the same second diameter, and the dis- 
tance between the. other parallel and the 
centre. 

Cor. 2. And on the contrary : if from a 
point D to a second diameter BC of a hyper* 
bola, a straight line DL be drawn parallel to 
its transverse CA ; and if the square of B6 
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have the same ratio to the square of Ka^ that book ii^. 
the sum of the squares of CB» CLhave to the 
square of DL ; the point D is in the hypef- 
bola. For since the straight line DL is pa* 
rallel to the transverse diameter AC, which 
falls between the asymptotes, it necessarily 
meets them opposite to the angle adjacent to 
that containing the hyperibola, and> of conse- 
quence, DL meets both the hyperbolas (20. 
3.) : and, in the same manner, as in cor. 2. 1. 
it may be proved, that it meets the hyperbola 
inD. 

' Cor. S. The third corollary o£ the prece^ 
ding prop. miUaUA^mutanMs^ is likewise a co- 
rollary here. 

PROP. XXX. Theob. . 

Any straight line terminated both wayi^ 
by the hyperbola, or opposite hyperbo^ 
las, and parallel either to a transverse,, 
or its second diameter, is bisected by the 
other ; or, what is the same thing, a 
transverse diameter, and its second^ are 
conjugate diameters, 

N 4 
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BOOK III. Coft. It 18 evident, that two diameters 
^^ ' ^ cannot be conjugated to the «ame diameter, 
whether it be a transverse or a second dia- 
meter* 

PROP- XXXL Theob. 

Any straight line terminated both ways 
by a hyperbola, and bisected either by 
a transverse, or its second diameter, is 
parallel to tlie other: and therefore 
straight lines ordinately aj^lied to ei^ 
ther of these diameters are parallel to 
each other. 

Cor. 1. Hence, straight lines parallel either 
to a transverse, or its second diameter, and 
which cut off equal segments of the other, 
between the points where they meet it and 
the centre, are equal. And equal straight 
lines if parallel ta either diameter, cut off e- 
qual segments of the other diameter between 
the centre and the points where they meet it. 
Fi|. IT. These two propositions, and this first co- 
rollary, are demonstrated fr6m the 28th and 
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a^tii'^n^pt»atibfas, in t^ saine manner iqiooxiii. 
ntiikh the ' 9th: apd ^ lOtii : propositions were 
detnbpstnauted from die 7th • and 8tfa. 
-' CcgR; 2. If several parallels are terminated 
both wayafaiy a hyperbola^ or hy perbdlae,i th( 
diiameter whidb bisectstihe -osie biaeicts the 
Test of them* Eor t^at paraUel which is bi^ 
%cted, is parallisl to tfa^ copjug^te diaitii^ter 
of that which bisects 'it} <fhe irest, therefore* 
£lre parallel to ihe salme conjugate diamf^ter, 
«oc^ cbnseqqently are hisiected t by .the QthjBf 
diameter (30. 3.> _ 

' • Cor. S. Oh the dontrary : : a straight' line 
which' bisects ^ twp paraUels teriiiuiated! both 
ways by a byperboh, or opposite, byperbblasj 
is a diameter.' > For if not^ draw a diafi^etec 
l^ectingone of the para]lels; this diam^ec 
will bisect the other ; but, by bypofMsip; 
there is also another straight line which bisects 
both : which is absurd* 

Cob. 4. if a straight line touch a hyfer-^ 
boht, that straight line drawn through the 
point of contact, which bisects any straight 
line parallel to the tangent, and terminated 
both ways by the hyperbola, is a diameter. 
For a parallel to the tangent is (11. 6ef. 3.) 
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AooKiu. parallel to the coigugate diameter to that 
which passte through the point of contact: 
now, if the Mraigfat line drawn through the 
point of contact, and which bisects the paral« 
lei to the tangent be not a diameter, draw a 
diameter throi^h the point of contact $ and 
this diameter will also (8Q» S.) bisect tl^ pa^ 
raliel to the tangent, or to the conjugate dia*- 
meter : which is absurd* 

Cob. 5. Two straight lines terminated both 
wajs by a hyperbola, or by opposite hypers 
bolas, and not passing through the centre, do 
not bisect each other. For if they are both 
terminated by the same hyperbola, or by op^* 
posite hyperbola^i draw, a diameter through 
the point where they intersect each other ; 
and then .by the proposition, they will be 
both parallel to the conjugate to this diame^ 
ter ; which is absurd. If indeed one of them 
be terminated by the hyperbola, and the otheo 
drawn between the opposite hyperbolas, it is 
evident that they cannot bisect each other. 
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BOOKIII. 

PROP. XXXII. Theoh. 

A straight line drawn through the vertex 
of a transverse diameter, and which is 
parallel to a straight line ordinately ap« 
plied to that diameter, touches the hy* 
perbola ; and if it touch the hyperbola, 
it is parallel to straight lines ordinately 
applied to the transverse diameter drawn 
through the point of contact. 

Let there be a hyperbola, the asymptotes Fig. it. 

xi» !• 

of which are CF, CG j let Aa be a transverse 
diameter, and through the vertex A draw 
HAK parallel to DM ordinately applied to 
Aa } the straight line HK touches the hyper- 
bola. 

For the straight line DM ordmately applied 
to the transverse diameter Aa is (31. 3.) pa- 
rallel to its second, or conjugate diameter ; 
therefore HAK drawn through the vertex A 
of A^, is parallel to the same conjugate, or 
second diameter j and therefore it touches tlife 
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Booffr!r« hyperbola (11. def. S.). And, conversely : if 

^^ r^^ HK touch the hyperbola, it is parallel to the 

second diameter (11. def. 8.) of CA : but the 

ordinate DM is parallel to the same (31. S.) ; 

therefore HK, DM are parallel to each other. 

PROP. XXXIIL TflBOR. 

If a straight line that touches a hyperbola 
meet a diameter, and if there be drawn 
from the point of contact a straight line 
ordinately applied to that diameter ; the 
semidiameter is a mean proportional be- 
tween its segments intercepted, the one 
between the centreand the ordinate, and 
th^ other between the centre and the 
tangent. 

Case 1. When the tangent meets a tram- 
verse diameter. 
Fig. i& Let there be a hyperbola, its asymptotes 
AG, AH, and let the straight line KCH 
touph the hyperbola in the point C, and meet 
a transverse diameter BAO in £ ; and draw 
CD from the point of contact C, so as to be 
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ordinately 8pidi<sd to BAO; then AD, AB, bookxii. 
AE are proportionals. v-nr-^ 

Through the vertex B let GBF be drawn 
parallel to CD, and let it meet the tangent 
drawn through C in the point N, and let BM 
drawn parallel to HC meet AG in M j and 
let DC meet AH in L, and join KF, GH* 
Thra, because GBF, drawn through the ver- 
tex of the diameter, is parallel to the ordinate 
DC, it (32. 3.) touches the hyperbola : and 
since the tangents HK, GF are cut propor- 
tionally in the points C, B, and N (cor. 26. 
3.) ; therefore CN is to NH, as BN to NG ; 
and because of the parallels, LF is to FH, as 
MK to KG; and since KF^GHare (26. 3.) 
parallel, FH is to FA, as KG to KA j there- 
fore, ex (jequoy LF is to FA, as MK to KA ; 
and, by composition, LA is to FA, as MA 
to KA ; therefore (because of the parallels) 
DA is to BA, as BA to EA. 

Case 2. When the tangent meets a second 

I 

diameter. 

Let the straight line CE touch the hyper- Fig. i9. 
bola, and meet the second diameter AB in 
£, and also its transverse, or conjugate dia* 
meter KAF in G, and CD, CH being drawn 
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BOOK III. fi-om the point of contact C, so as to be or- 
'^'^ dinately applied to the conjugate diameters ; 
then AD, AB, A£ are proportionals. 

For by the preceding case, AH, AF, AG 
are proportionals; therefore the square of 
AH is to the square of AF (2. cor. 20. 6. £- 
lem.) as AH is to AG ; and, by division, 
(and S. 2. £lem.) the rectangle KHF is to 
the square of AF, as HG to GA : but since 
CH is ordinately applied to AF, the rectan- 
gle KHF is to the square of AF, as the square 
of CH, or j^T) to the square of AB ; there- 
fore (ex ffiquali) the square of AD is to the 
square of AB, as HG to GA, that is, as CH, 
or AD to AE ; and therefore (conv. 2. con 
5K)« 6. Elem.) AD, AB, AE are proportionals. 

Fig. IS. Cor. ] • Since in the first case, where the 
tangent and ordinate meet the transverse dia- 
meter, AD, AB, AE are proportionals j DO 
is to DB, as EO to EB, that is, the segments 
(of the diameter) between its vertices and the 
ordinate are to each other as the segments of 
the same between the tangent and the same 
vertices. The demonstration is similar to that 
given in the second part of prop. 17. B. 2. 
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:CoB«'3. In the second case, when the ordi^ BO<yKiir. 
nate drawn from the point of contact passes '^^^^ 
through the extremity of the second diame- 
ter, the tangent passes through the other ex- 
tremity of the same diameter. For since the 
distance between the ordinate and the centre 
is equal to the half of the second diameter, 
therefore the distance between the tangent 
and the centre must be equal to the same 
semidiameterf 

PROP. XXXIV. Theob. 

If from a point C in a hyperbola a straight ^ ^®* 
line CD be ordinately applied to the 
diameter AB, and a straight line CE 
be drawn from the same point ; if the 
semidiameter be a mean proportional 
between the abscissas of AB, which are 
cut off towards the centre by these 
straight lines; the straight line C£ 
touches the h3rperbola. 

For if C£ does not touch the hyperbola 
let CP touch it j therefore, by the preceding 



MWiiupcdpcmtiDn, AD, AB> A P are projfortionaltf ; 
but by the hypothesis, AD^ AB^ AE.«re pro- 
portionate; which is absurd: CE, therefore, 
touches the fayf^erbola. 

PROP. XXXV. Theor: 

If a straight line touching a : h3rpierbola 
meet a transverse diameter, there be< 
ing drawn from the point of contact a 
straight line ordinately applied to the 
same diameter ; the rectangle contained 
by the segments of the diameter inter* 
cepted between the ordinate and the 
centre, and between the Qrdinate and 
the tangent, is equal to the rectangle 
contained by the segments between the 
ordinate and the vertices of the dianie- 
ter : and the rectangle contained by the 
segments between the tangent and the 
centre, and between, the tangent and the 
ordinate, is equal to the rectangle con- 
tained by the segments between the 
tangent and the vertices of the diame- 
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ter. Bttt if the tangent meet a second book m, 
diameter, there being drawn from the 
point of contact a straight line ordi- 
nately applied to that second diameter ; 
the rectangle contained by the segments 
between the ordinate and the centre, and 
between the ordinate and the tangent, 
is equal to the sum of the squares, of 
the semidiameter and of the fiiegment 
between the ordinate and the centre : 
and the rectangle contained by the 
segments between the tangent and the 
centre, and between the tangent and 
the ordinate, is equal to the sum of 
the squares of the semidiameter and of 
the segments between the tangent and 
the centre. 

Case 1. Let the straight line which touches pig* ts* 
the hyperbola in C, meet the transverse diame- 
ter BAO in the point E, and let an ordinate 
drawn through the point of contact to the 
same diameter meet it in D ; then the rec- 

O 
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BOOK III. tangle ADE is equal to the rectangle. BDO, 
'^ ^^^ and the rectangle AED to BEO. 

Fof since AD, AB, AE are proportionals, 
the rectangle DAE is equal to the square of 
AB J .and these equals being taken from the 
square of AD, the remaining rectangle ADE 
is equal to the remaiqing rectangle BDO (2. 
and & 2. Elem.). Next, from the same equals, 
VIZ. the rectangle DAE and the square of 
AB, take away the common square (3. and 5. 
2. Elem.) of AE, and the remaining rectangle 
AED is equal to the remaining rectangle 
BEO. 
Fig. 18. c^gg 2. Let the tangent and ordinate drawn 
to the point C, meet the second diameter in 
the points E, D : then because tlie rectangle 
EAD is equal to the square of AB, add to 
each of these equals the square of AD, and 
the rectangle ADE will be equal to (3. 2. 
Elem.) the sum of the squares of AB, AD. 
Next, if to the same equals, to wit, the rec- 
tangle EAD and the square of AB, the square 
of AE be added ; the rectangle AED will be 
equal to the sum of the squares of AB, AE. 
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PROP. XXXVL Theor. 

If a straight line touch a hyperbola, it bi- 
sects the angle contained by the straight 
lines drawn from the foci to the point 
of contact. And, on the contrary : if a 
straight line bisect the angle contained 
by two straight lines drawn from a 
point of a hyperbola to the foci, it 
touches the hyperbola. 



Let there be a hyperbola, its transverse Fig. to. 
axis AB, and the centre the point C, and let 
a straight line DE touch iU and meet the 
transverse axis in E, draw the straight lines 
DF, DG from the point of contact D to the 
foci ; the angles FDE, GDE are equal. 

From the point Ddraw DH perpendicular 
to the axis, and from the point A, which is 
the nearer to D of its vertices, place, in the 
axis produced, a strai^t line AK equal to 
DF, and KB will (1. 3.) be equal to DG ; 
and, by the fifth proposition of this book, CK 

o 2 
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BOOK iiu is to CH, as CF to C A j but as CH to C A, 

^**'^^^""*^^ so (S3. 8.) is CA to CE ; therefore^ eo? cBquali^ 

as CK to CA, so is CF to CE, and bv con- 

version, as CK is to KA, so is CF to FE ; 

and by doubling the antecedents, twice CK 

is to KA, as FG to FE : therefore, by divU 

sion, BK is to K A, as GE to PE ; and BK, 

KA are equal to DG, i>P ; therefore as DG 

to DF, so is GE to EF ; and therefore (3. 6. 

Elem.) the straight line DE bisects the angle 

FDG. 
If, on the contrary, a straight line D£ 

bisects the angle FDG, it touches the hyper- 
bola : for if not, let another straight line 
touch the hyperbola in the point D ; tliis 
other straight line will bisect the angle FDG, 
which, by the hypothesis, is bisected by DE ; 
which is absurd. The demonstration here 
might have been similar to the second de- 
monstration in prop. 1 h B. 3. 

PROP. XXXVII. Prob. 

Fig. 21 ?iVo straight lines AlB, CD which bisect 
each other at right angles in the point 
E, being given in position and magni- 
tude; to describe the opposite hyper- 



f 
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bdias of which they may be the axes, bookiil 
and so that either of them, as AB, may 
be the transverse axis. 

Join AC, and from the point £ place in 
AB produced two straight lines £F, £6, 
each of them equal to AC ; then, by means 
of a string and of a ruler, the length of which 
exceeds that of the string by a difference e- 
qua! to AB, describe with the foci F, G two 
opposite hyperbolas ; these will pass through 
the points A, B, and CD will be their second 
axis. 

For if the hyperbola passes not through A, 
let it pass, if possible, through H ; the excess, 
therefore, of HG above HF is equal to the 
excess of the length of the ruler above that 
of the string, that is, by construction, to the 
straight line AB : but since BG is equal to 
AF, the excess c^ AG above AF is equal to 
the same AB ; which is absurd : the hyper- 
bola, therefore, passes through A : and in 
like manner, it may be shown, that it passes 
through B. Again, C, D are the extremities 
of the secoDd axis : for if C be not one of its 
extremities, let the point K, on the same side 

o 3 
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BOOK III. of the <ientre on which C is, be one of them ; 

^ ^ '^ therefore KA being joined will be equal (6. 
def. 3.) to EF } and, by construction, CA is 
equal to the same EF ; therefore KA is equal 
to CA : which is absurd. 

DEF. XIII. 

Fig 2«. If upon two straight lines Ka^ Bi, which 
bisect each other at right angles, two oppo' 
site hyperbolas AG, ag be described, and 
upon the same straight lines other two oppo- 
site hyperbolas BK, hk be described, so that 
Bi, the transverse axis of the latter hyperbo- 
las, may be the second axis of the former, and 
that Aa, the second axis of the latter, may be 
the transverse axis of the former ; these four 
are^called conjugate hyperbolas. 

PROP- XXXVIIL Theob- 

The conjugate hyperbolas have common 
asymptotes. 

Fig. 2t. Let there be conjugate hyperbolas, the 
axes of which are Aa, B^, and let the straight 
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lines CD, CE be the asymptotes of two op- bookiil 
posite hyperbolas, the transverse axis of which 
is Aa ; the same straight lines are the asymp- 
totes of the two other opposite hyperbolas, 
the transverse axis of which isBA. 

/ _ 

Through the vertex A draw DAE parallel 
to BC, and join DB, and produce it to F; 
therefore by the tenth defotition of this book, 
BC is equal and parallel to AD or AE ; BD 
is therefore equal and parallel to CA : and 
because the triangles FBC, CAE are equal 
and equiangular, BF is iequal to CA, that is, 
to BD ; therefore CD, CF are (10. def.) a- 
symptotes of the hyperbola, the transverse 
axis of which is B6, and the second axis Aa, 



PROP. XXXIX- Theoe. 

If from a point G in one of t-he conju-^ Fig. n. 
gate hypeirbolas, a straight line GH be 
drawn parallel to EC, one of the asymp- 
totes, and meeting the other in H ; and 

b 

from the point K in the adjacent hy- 
perbola, a straight line KL be drawn 

o 4 
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BOOK III parallel to either asymptote, and meet^ 

ing the remaining one in L : the rec- 
tangles GHC, KLC contained by the 
parallels, and the abscissas of the a* 
symptotes between the parallels and the 
centre, are equal. On the contrary : if 
the point G be in one of the conjugate 
h3rperboIas, and the point K within the 
angle contained by the asymptotes of 
of the adjacent hyperbola, the rectangle 
KLC being at the same time equal to 
the rectangle GHC ; the point K is in 
the adjacent hyperbola. 

Let Aa^ B6 be the axes of conjugate hy- 
perbolas ; join AB, and let it meet the a* 
syrtiptote CD in M, and draw AD parallel to 
CB : then, since BC, AD are equal and pa- 
rallel, the ti;iangles CBM, ADM are similar 
and equal; and consequently AM, MB are 
equal : the rectangles AMC, BMC are there- 
fore equal, and AB is parallel to the (2. con 
def. 10. 3.) asymptote EC: therefore the 
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rectangles GHC, KLC are equal to the book iir. 
rectangles AMC, BMC (1. cor. 16. 8.); ^"^ v"^ 
and consequently they are equal to each 
other. 
On the contrary : If G be a point in one 

of the conjugate hyperbolas^ and the point K 

» 

be within the angle DCF, and the rectangle 
KLC equal to the rectangle 6HC, the. con- 
struction in other respects still remaining; 
the point K is in the adjacent hyperbola : for 
since the rectangle KLC is equal to GHC, 
that is, to AMC, that is, to BMC, and that 
B is in the adjacent hyperbola : the point K 
is (4. cor. 18. 3.) in the same hyperbola. 

Cob. 1. If a straight line DE, intercepted ^"fif- ^ 
between a hyperbola and one of the adjacent 
hyperbolas, is bisected by one of the asymp. 
totes, it is parallel to the other : for let DE 
meet the asymptote CG in L, and to the other 
asymptote draw DH, £K parallel to CG; 
then, since DL, LE are equal, and that DH, 
LC, £K are parallel, HC, CK are equal; 
and by the proposition, the rectangles DHC, 
EKC are equal ; DH, EK are therefoi^e e« 
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BooKin. qai^]^ and tbcy are parallel; therefore DE, 
KH are parallel. 

CoK. 2. And if D£ be parallel to the a- 
symptote KH ; DL, LE are equal : for by 
the proposition, the rectangles DLC, £LC 
are equal. 

QfQfS,. 3. Lastly, if D£ be parallel to the 
asymptote HK, and DL, L£ being equal, 
and the point D be in one of the hyperbolas ; 
the point £ is in the adjacent hyperbola : 
for since DL, LE are equal, the rectangles 
DLC, ELC are equal ; therefore, by the pro« 
position, £ is in the adjacent hyperbola BE« 

PROP. XL. (Prop. 20. B. 2. Afoll) 

If a straight line touch one of four con- 
jugate hyperbolas, and through their 
centre two straight lines be drawn, the 
one meeting the hyperbola in the point 
of contact, and the other parallel to the 
tangent, and meeting one of the adja- 
cent hyperbolas ; this other straight 
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line drawn parallel to the tangent^ is book lu. 
the half of the second diameter conju- 
gate to the transverse diameter drawn 
through the point of contact. And on 
the ccHitrary : if half a second diameter 
be drawn conjugate to the transverse 
diameter passing through the point of 
contact, its extremity is in the adjacent 
hyperbola. 

Let there be conjugate hyperbolas, the a- ^ig. ts. 
symptotes of which are CG, CF, and let MF 
touch one of the hyperbolas in D ; join CD, 
and draw C£ parallel to MF, and meeting 
the hyperbola adjacent to that in which D is, 
in the point £ ; then is CE half the second 
diameter conjugate to CD. 

Through the points D, Edraw the straight 
lines DH, EK parallel to the asymptote CG, 
and meeting the other asymptote in H/ K : 
then, since the straight line MF touches the 
hyperbola in D, MD, DF are equal ; there* 
fore CH, HF are equal j therefore the rec- 
tangle DHF is equal to the rectangle DHC, 
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BOOK III. that 18, by the preceding propositioQ, to the 
'^ ^"^ rectangle EKC: and because the triangles 
EKC, DHF are equiangular, EK is to DH, 
as KC to HFj therefore (22. 6. Elem.) the 
square of EK is to the square of DH, as 
the rectangle EKC to the rectangle DHF : 
but the rectangles EKC, DHF, m has been 
proved, are equal ; therefore the squares of 
£K, DH are equal ; and therefore EK, DH 
are likewise equal ; consequently EC, DF 
are (26. !• Elem.) equal, and they are paral- 
lel ; therefore CE is half (11. def. S.) the se- 
cond diameter conjugate to CD. 

On the contrary : the same construction 
remaining, if CE be half the second diameter 
Fig. 23. conjugate to CD, its extremity E is in the 
hyperbola adjacent to that where the pbird; 
D is : for CE is equal and (U. def. 3.) paraU 
lei to DF, and EK is parallel to DH ; there- 
fore the triangles EKC, DHF are (26. 1. 
Elem.) equal ; consequently KC is equal to 
HF, or HC, and EK to DH : and for this 
reason, the rectangle EKC is equal to the 
rectangle DHC, and the point D is in the 
hyperbola, and the point E is within the an- 
. gle adjacent to that containing this hyper- 
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THB HYPERBOLA. 221 

bola ; therefore the point E is in the adjacent book iu. 
hyperbola (by part 2. df the preceding). 

Cob. 1. If CD be half a transverse diameter, 
and C£ half the second diameter conjugate 
to CD in the hyperbola AD ; on the contrary^ 
CE is a transverse, and CD a second diame- 
ter conjugate to CE in the adjacent hyper- 
bola BE. 

Join DE and ME, and let ME meet the 
other asymptote CF in P : then, since DE is 
(2. cor. def. U.S.) parallel to CF, and that MF 
ii bisected in D, therefore MP is bisected in 
E, and the point E is in the adjacent hyper- 
bola ; therefore MP touches that hyperbola : 
and CD is equal and parallel to ME; for 
CE, MD are equal and parallel; therefore 
CD is the second diameter conjugate to the 
transverse diameter CE in the (11. def.) hy- 
perbola BE. 

Cob. 2. The same construction still re- 
maining, the straight line which joins the 
centre C, and the point of concourse M of 
the tangents DM, EM, drawn through the 
vertices of the conjugate diameters, is an a- 
symptote : for if CM be not an asymptote, 
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BOOK III. let CQ, meeting DM in Q, be one; CE, 
therefore, is equal to DQ : but the same CK 
is equal to DM ; because DMEC is a (11. 
def.) parallelogram ; DQ and DM are there- 
fore equal : which is absurd. 

PROP. XLL Theok. 

If from the extremity of a second diame- 
ter of a hyperbola, a straight line be 
drawn parallel to any transverse diame- 
ter, and meeting the second diameter 
conjugate to this transverse ; the square 
of the parallel, is to the rectangle con- 
tained by the segments of the second 
diameter intercepted between the paral- 
lel and its vertices, as the square of the 
transverse is to the square of the second 
diameter conjugate to it : and if from 
the extremity of a second diameter a 
straight Jine be drawn parallel to any 
other second diameter, and meeting the 
transverse diameter conjugate to this 
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. ether second diameter; the square ojf book in. 
the parallel, is to the sum of the squares 
of half the transverse diameter arid its 
segment intercepted between the centre 
and the parallel, as the square of that 
other second diameter, is to the square 
of the transverse conjugate to it. 

In the first case let there be a hyperbola, Fig- ^^ 
the transverse diameter of which is DC(/, and 
let KCk be the second diameter conjugate to 
DCdf, and let CB be any other second diame« 
ter^ and from its .extremity B draw a straight 
line parallel to the transverse CD, and meet- 
ing in L the second diameter conjugate to 
CD ; the square of BL is to the rectangle 
KLAr, as the square of "Dd to the square of 
Kk. 

For the points B, K, k, which are the ex- 
tremities or vertices of the second diameters, 
are in the adjacent hyperbolas, of which the 
transverse diameter Kk is conjugate to the 
second (1. cor. 40. 8.) Drf ; therefore the 
square of BL is to the rectangle KLA: as the 
square of Dd to the square of Kk (28. 3.)- 
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BOOK in. The second case is demonstrated in the 
very same manner from the 29th prop, of this 
book. 

Cob. Hence, if from any point A of a hy« 
perbola AD, a straight line AM be drawn 
ordinately applied to the right diameter KAr, 
and from B, an extremity of any second dia- 
meter CB to the same Kk^ a straight line 
BL be drawn parallel to AM ; the square of 
BL is to the square AM, as the rectangle 
KLk is to the sum of the squares of the se* 
midiameter KC and the segment CM between 
the centre and the ordinate. This is evident 
from the proposition, and from the 29th of 
this book. 

But if from any point A of a hyperbola 
AD, a straight line A£ be drawn ordinately 
applied to the transverse diameter DJ, and 
from the extremity B of the second diameter 
to the same D^, a straight line BF be drawn 
parallel to A£ ; the square of BF is to the 
square of AE, as the sum of the squares of 
tl^e semidiameter CD, and the segment CF, 
between the centre and BF, is to the rectan- 
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gle DErf. This is demonstrated from the BooKiir. 
proposition, and from the 28th of this book. ~ ^ 

PROP. XLII. Theor. 

If from the extremity B of a second dia- ^«- **• 
meter CB, a straight line BF be drawn 
paralle] to straight lines ordinately ap- 
plied, to any diameter Dc?, and BH be 
drawn parallel to the diameter dA, 
which is conjugate to CB, and meeting 
the diameter D(/ in H ; the semidiame- 
ter CD is a mean proportional between 
CFandCH. 

For the extremity B of the second diame- 
ter is in the adjacent hyperbola, and CA is a 
(!• cor. 40. 3.) second diameter of that adja- 
cent hyperbola; therefore BH touches the 
same (11. def.) ; and therefore CF, CD, CH 

« 

are (83. 3*) proportionals. 

* 
CpB. The 35th proposition is equally true 

when accommodated to this case. 

P 
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PROP. XLIII. TheoI!. 

If from the extremities of two conjugate 
diameters of a hyperbola, straight lines 
• be drawn ordinately applied to any third 
transverse diameter ; the square of the 
segment of the third diameter, inter* 
cepted between the centre and the ordi- 
nate drawn from the extremity of the 
transverse diameter, is equal to the 
square of the segment of the same third 
diameter between the centre and the 
ordinate drawn from the extremity of 
the other of the conjugate diameters, 
together with the square of half the 
third diameter. But the square of the 
segment of the third diameter, inter- 
cepted between the centre and the or- 
dinate drawn from the extremity of the 

* 

second diameter, is equal to the rectan- 
gle contained by the segments of the 
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same third diameter, between the ordi- book hi. 
nate drawn from the extremity of the 
other of the conjugate diameters, and 
the vertices of this third diameter. 

Let there be opposite hyperbolas, in which ^*«* **• 
CA is tlie halCof a transverse diameter, and 
let CB be the second diameter conjugate to 
CA, and let Dd be any other transverse dia- 
meter, and from the extremities A, B draw 
AE, BFordinately applied to Dt/; the square . 
of EC is equal to the square of FC together 
with the square of CD : and the square of 
FC is equal to the rectangle DEd. 

To the diameter T)d draw AG parallel to 
BC» and BH parallel to AC ; therefore, be- 
cause of the parallels, the triangles CAG, 
HBC are equiangular; and since AE, BF 
(SI. 3.) are parallel, CAE, HBF are also 
equiangular ; consequently CE is to HF, as 
CA to BH, that is, as CG to CQ : and since 
CD is a mean proportional both between CE 
and CG, and between CF and CH (33. and 
42. 3.), CF is to CE, as CG to CH ; and 
therefore CF is to CE, as CE to HF j con- 

p2 
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BooKiH. sequently the square of CE is equal to the 
rectangle CFH : but the rectangle CFH (cor. 
42. 3.) is equal to the sum of the same squares 
of CF, CD : take the square of CD from 
each of these equals, and there will remain 
the rectangle DErf equal to the square of CF. 



Cor. Hence, the semidiameter CD, to 
which the ordinates are drawn, is to the con- 
jugate .semidiameter CK, as the distance be- 
tween the one ordinate and the centre is to the 
remaining ordinate. For the square of CD is 
to the square of CK, as the rectangle DEe/is . 
to the square of EA, that is> according to the 
proposition, as the square of CF is to the 
square of EA ; aiid therefore CD is to CK, 
as CF to £ A* Again, because the square of 
CD is to the square xX CK, as the sum of the 
squares of CF, CD to the square of BF (41 • 
3.)) that is, by the proposition, as the square 
of CE to the square of BF ; therefore CD is 
to CK, as pE to BF. 
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PROP. XLIV. Theob. 

The excess of the squares of any conju-<> 
gate semidiameters is equal to the ex- 
cess of the squares of the halves of the 
axe,, if the conjugate diameters be un, 
€qual. And if any one diameter he 
equal to its conjugate, any other dia- 
meter is also equal to its conjugate; 
and in this case, the angle contained hy 
the. asymptotejSi is a right angle. 

Let CA, CB he conjugate semidiameters, pig. «4» 
and CD, CK the halves of the axes, and from 
A, B draw the straight lines A£, AM and , 
BF, BL ordinate) to the axes. Then the 
exce$$ of the squares of CA, CB is equal to 
the exce^a^ by which the sum of the squares 
of C£» EA differs from the sum of the squares 
of CL, LB : but, by the preceding, the square 
of CE is equal to the sum of the squares of 
CF, CD ; and, by the same proposition, the 
square of CL is equal to the sum of the squares 

p 3 
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BOOK III. of CM, CK ; therefore the excess of the 
^w^^-y squares of CA, CB is equal to the excess by 
which the sum of the three squares of CF, 
CD, EA differs from the sum of the three 
squares of CM, CK, LB ; and the squares of 
CF, LB are equal j as also the squares of EA, 
CM : therefore, if these equals be taken away, 
the excess by which the sum of the three first 
squares differs from the sum of the other three, 
is equal to the excess by which the square of 
CD differs from the square of CK } and there- 
fore the excess of the squares of CA, CB is 
equal to this same excess. 
Fig. 25. Qtherwise : let AB, AC be the halves of 
any two transverse diameters in a hyperbola, 
AD, AE the asymptotes; and draw the 
straight lines BD, CE touching it in the 
points B, C, and meeting the asymptotes in 
D, E ; therefore, by' the 11th def. and prop. 
30. of this book, BD is equal to half the se- 
cond diameter conjugate to AB j and CE, in 
like manner, is equal to half the second dia- 
meter conjugate to AC : it is to be proved, 
that the excess of the squares of AB, BD is 
equal to tlie excess of the squares of AC, 
CE. 
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Through the points B^ C draw BF, CH BooKiir. 
parallel to the asymptotes, and BG, CK per- 
pendicular to them : therefore the rectangles 
AFB, AHC are equal (1. cor. 16* 3.); and, 
of consequence, AF is to AH, as HC to FB, 
that is, since the triangles are equiangular, as 
HK to FG ;• consequeptly the rectangles 
AFG, AHK are equal, and their quadruples 
are equal : and since, through the point of 
contact B, a straight line BF is drawn paral- 
lel to the asymptote, DF, FA are equal; 
consequently DG is equal to AF, together 
with FG : and hence four (8. 2. £lem.) times 
the rectangle AFG is equal to the excess of 
the squares of DG, GA, that is, since the 
triangles DGB, AGB are right angled, to 
the excess of the squares of DB, B A. It msiy 
in the same manner be shown, that four times 
the rectangle AHK is equal to the excess of 
the squares of EC, CA } and four iime^ the 
rectangle AFG, as bath been proved, is equal 
to four times the rectangle AHK} conse- 
quently the excess of the squares of DB, B A 
is equal to the excess of the squares of EC, 
CA. 

P 4 
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BOOK III. ^ But if in a hyperbola any transverse dia- 
meter AB is equal to the second diameter 
BD conjugate to it, any other transverse diai- 
meter in the same hyperbola is also equal to 
its conjugate second diameter, and the angle 
contained by the asymptotes is a right angle : 
for since DB, BA, aqd DF, FA are equal, 
and BF common, in the triangles DBF, 
ABF ; the angle BFD, and of consequence 
the angle E AD is a right angle : and because 
EAX) is a right angle, the angle CHE is also 
a right angle ; and ^H, HA are equal, and 
CH common ; therefore EC, CA are equal. 



PROP. XLV. Theor. 



If through the vertices of two conjugate 
diameters, four straight lines be 4rawn 
touching conjugate hyperbolas, the pa*^ 
rallelogfam formed by them is equal to 
that fornied by the tangents drawn 

« 

through the vertices of any other two 
conjugate diameters. 
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' Let AB9 CD be conjugate diameters, and bookiiI 
through their vertices draw tangents, meeting ^. ^ ^ 
each other in K, L, M, N ; and let EF, GH 
be any other conjugate diameters, and through 
the vertices of these drawn tangents, meet- 
ing each other ia O, P, Q, R ; the * figures 
KLMN, OPQR are parallelograms, and equal 
to each other* 

Let S be the centre c^ the hyperbola ; and 
since both KN, LM, and KL, MN are (3. 

w 

cor. 33. 8.) parallel, the figure KLMN is a 
parallelogram. For ^ like reason, OPQR is 
a parallelojgram : apd since A£, GK touch 
the hyperbolas in the vertices of conjugate 
diameters, the point K where they meet is in 
an asymptote. In like manner it may be 
shown, that the rest of the angles of the pa* 
rallelogram's are in the asymptotes j therefore 
the asymptotes are the diagonals of the pa- 
rallelograms ; consequently the parallelogram 
KLMN is the quadruple of the triangle KSN, 
and the parallelogram OPQR the quadruple 
of the triangle OSR : but the triangles KSN, 
OSR are equal, because the rectangles KSN, 
OSR are equal (25th of this book, and 15. 6. 
£lem.) } therefore the parallelograms KLMN, 
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lAioK III. OPQR are also equal. This proposition might 
*^ ^-"^ also have been demonstrated like prop. 20. 
B.2. 

PROP. XLVL Theor. 

If two conjugate diameters of a hyperbola 
meet a straight line touching the hy- 
perbola, the rectangle contained by the 
segment of the tangent intercepted be- 
tween the point of contact and the con^ 
jugate diameters, is equal to the square 
of the semidiameter conjugate to that 
diameter which passes through the point 
of contact. 

Fig. 27. Let ACB, DCE be two conjugate diame- 
ters, and let a straight line which touches the 
hyperbola in F meet them in the points G, 
H, and let CK be the semidiameter conju- 
gate to CF ; the rectangle 6FH is equal to 
the square of CK* 

; From the points F, K draw to AB the 
straight lines FMj, KL parallel to DE : then» 
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because of the parallels, GM is to MC, as bookui. 
GF to FH ; . consequently the rectangles 
GMC, GFH are similar: and because the 
triangles GMF, CLK are equiangular, GM 
is to GF, as CL to CK; therefore the rec- 
tangles GMC, GFH, and the squares of CL, 
CK, which are four similar and similarly si* 
tuated rectilineal figures, described upon the 
four proportional straight lines GM, GF, CL, 
CK are likewise proportionals: but the rec- 
tangle GMC is equal to (35. 3.) the rectangle 
AMB, that is, to the (43. 3.) square of CL j 
therefore the rectangle GFH is equal to the 
square of CK. 

r 

m 

PROP. XLVII. Theor 

If f«».. point of a hyperbola a straight 
line be drawn ordinately applied to a 
transverse diameter, the rectangle con- 
tained by the segments of the diameter 
intercepted between its vertices and the 

' ordinate, is to the square of the seg- 
ment of the ordinate intercepted be- 
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tween the h3rp6rbdla and ih^ dlamiN^^r, 
as the diameter is to its Idtus rectum : 
hut if a straight line be drawn ordi- 
liately applied to the second diameter 
of the transverse, the sum of the sijuarea 
of half the second diameter, and of it$ 
segment between the ordinate and the 
centre, is to the square of the ordinate, 
as the second diameter is to its latus 
rectum. . > 



Fk* 28* Let there be a transverse dmiqeter AB, 
and DE the second diameter conjugate to it, 
and let AH be the Jatus rectum of AB, and 
from the point F in the hyperbola draw FG 
ordinately applied to AB ; the rectangle 
AGB is to the square of FG, as AB to AH : 
but FK being drawn iordinately applied to 
DE J the sum of the squares of CD, CK is to 
the square of FK^ as DE to its latus rectum 
L. 

Case 1. Since AB, DE, AH are propor- 
tionals (def. 12.), AB is to AH, a^ the square 
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of AB to the sqaare of DE^ that is (2is. dO^ Moxm. 
'as the rectangle AGB td the square Of FG* 

Case 2. And since D£, ABy L are propor- 
tionals, DE is to L, as the square of DE is to 
the square of AB, that is (29. 3.), as the sum 
of the squares of CD, CK is to the squire of 
KF. 



PROP. XLVIIL Theob. 



If from a point F in a hyperbola A straight ^'s- *^ 
line FG be ordinately applied to a 
transverse diameter AB, and from the 
vertex of that diameter a straight line 
AH be drawn perpendicular to AB, and 
equal to its latus rectum ,• the square of 
th^ ordinate is equal to the rectangle 
applied to th6 latus rectum, having for 
its breadth the abscissa between the or- 
dinate and the vertex, but exceeding by 
a figure similar, and similarly situated, 
to that which is contained by the dia- 
meter and the latus rectum. 
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BOOKiiL Join BH, and from the point G dra:w GM 
parallel to AH, and meeting BH in M, and 
and through the point M draw MN parallel 
to AB, and meeting AH in N i and complete 
the rectangles MNHO, BAHP. 

Then because the rectangle AGB is to the 
square of FG» as AB to AH, that is, as GB 
to GM, that is, as the rectangle AGB to the 
rectangle AGM} therefore AGB is to the 
square of GF, as the same AGB to the rec- 
tangle AGM J consequently the square of GF 
is equal to the rectangle AGM, having the 
abscissa AG for its breadth, and applied to 
the lahis rectum AH, and exceeding the rec- 
tangle HAGO, by the rectangle MNHO, si- 
milar to BAHP. From the square of the 
ordinate being thus equal to the exceeding 
rectangle, or that under the abscissa and a 
a line greater than the lalu$ rectum^ Apollo* 
nius called this curve line the hyperbola. 

Cor. It is evident, that the square of GF 
would be equal to the rectangle AGM, though 
AH were not at right angles to AB. 
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PROP. XLIX. Prob. 



A straight line AB being given in posi- ^^^ ^^* 
lion and magnitude, and a point F be- 
ing given ; to describe a hyperbola, of 
which AB may be the transverse axis, 
and which may pass through the point 
F ; but the given point must be so si- 
tuated, that a perpendicular drawn from 
it towards AB may fall Upon AB pro- 
duced. 

Draw FG at right angles to AB, and find 
a straight line DE such, * that the square of 
AB may be to that of DE as the rectangle 
AGB to the square of FG : let AB, DE bi- 
sect each other at right angles; then, with 
AB, DE as axes, and making AB the trans- 
verse axis, describe a (37. 3.) hyperbola 
AF } this hyperbola will pass (2. cor. 28. 3.) 
through the point F. 



■ ^>' ' ^ 



* See note^rop. 25. B. II. 
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""^^^^ PROP.X. Pmb. 

^' ^ A straight line D£ b^g given in posi- 
tion and magnitude, and a point F be- 
ing given ; to describe a hyperbola, of 
which DE may be the second axis, and 
which may pass through F. 

Bisect D£ in C, and draw FH perpendi* 
cnlar to DE, and find a straight line AB such, 
* that the square of DE may be to that of 
AB, as the sum of the squares of CD, CH to 
the square of FH ; let DE, AB bisect each 
other at right angles; then with the axes 
AB, DE, and making AB the transverse axis, 
describe (37. d«) a hyperbola ; this hyperbohi 
will pass through the point F (2. cor. 29. 3.). 



* Find a stoaight line X sudi, that its iqusre maj be equal to 
the aam of the fquarea of CD, CH (47. 1* Elein.) ; and to the 
three straight lines X« FH and DE find (12. tf. Elem.) a fonrth 
proporUonal, which will be the trans^ene taaa AB. For (22. 6« 
Elem.) the square of X, that is, the sum of the squares of CD, 
CH is to the square of FH, as the square of DE to the square 
ofAB. 



TRB RVraRBOLA. 241 

BOOK in* 

PROP. LI.^ 

Of all transverse diameters in a hyperbola^ 
the transverse axis is the least ; and the 
angle contained by any other transverse 
diameter, and a tangent drawn through 

. its vertex, is less than a right angle. 



Let there be a hyperbola, CA the half of ^>g- 29. 
its transverse axis, and CF the half of any 
joihet transverse diameter ; from F, the ver- 
4^ of CF, draw FG perpendicular to the axis 
CA } .therefore CF is greater than CG ; and 
consequently much greater than CA : draw 
a straight line touching the hyperbola in the 
pofnt F, and meeting the a:^is CA in K } and 
«ince the angle CFG is acute, CFK must be 
4still more acute. 



/ 
/ 



PROP. LII. Pnoft. 

Of a hyperbola AF given in position, to r^- ^^ 
find a diameter, the centre, the axes, 
the asymptotes, and the foci. 

Q 
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BOOKUi. Dfa^ t^o parallel straight lines, and let 
them be terminated both ways by the hyper- 
bola; and the straight line which bisects 
them is a (3. cor. Sl.sJ) diameter; and any 
other diametef may be found in the same 
manner; and the point where two diameters 
thus found meet each other is the (4. def. 3.) 
centre. But if two opposite hyperbolas be 
given in position, the ^oint which bisects the 
diameter first found is the centre. 

Take in the hyperbola any point F, and 
from the centre C draw CF, and with the 
centre C, arid distance CF, describe a circle ; 
if this circle meet the hyperbola no wherfe 
but in the point F, CF is the least of ^h 
transverse' diameters, and is, consequently, 
the transverse axis : but if the circle meet the 
hypa:bola again in another point L, joih FL, 
and let it be bisected in the point G; join 
also CG, and let it meet the hyperbola in A ; 
CA is half the transverse axis : for since FG, 
GL are equal, FL is ordinatelj applied to the 
diameter CG; and consequently a straight 
line which is drawn through ibe vertex A 
parallel to FL touches the hyperbola (32. 8.) ; 
and the angle contained by this tangent^and 
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the diameter CA, ii^ a rightangle : for the angle boor nu 
FG A is a right angle j therefore, by the pf e* 
ceding proposition, CA is the transverse axis. 

Next, in order to find the second axis, 
draw through the centre C a straight line at 
right angles to CA, and in that straight line 
take CD, and let the square of C A have the 
same ratio to the square of CD, which the 
rectangle BG A has (CB being made equal to 
C A) to the sqiiare of GF ; then CD will be 
the second axis, as is evident from prop. ?• 
of this book. 

Lastly, having found the axes, find the a- 
^ymptotes from dif. 10. 

But if two opposite hyperbolas be given in 
position, the asymptotes may be found more 
easily in this manner. Draw thf'ough the 
centre C any transverse diameter AB j draw 
likewise a straight line paralld to AB, and 
termiiteited in the hyperbolas in the points O, 
P ; and to the straight line OP apply, on both 
Bides, a rectangle equal to the square of CA, 
and deficient by a sq[aare ; which is possible, 
since CA is less than the half of OP (4. cor. 
15. 3.) ; and let Q, R be the points of appli- 
cation; CQ, CR, when joined, will be the 

Q 2 
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BOOK III asymptotes (3. con 15. 3.)* The foci are 
^^ ^ found as in prop. 37. 

PROP. LIII. Phob. 

The asymptotes of a hyperbola being 
given in position, and a point in it be- 
ing given ; to find the axes of the hy- 
perbolai and to describe it. 

Fig. 30. Let AC, BC be the asymptotes given in 
position, and D be the given point. Suppose 
the problem solved, to wit, let FCE, GCH 
be the axes, the former of which, as it is 
within the angle ACB, in which the point D 
is, must be the transverse axis : draw through 
£ a straight line parallel to GH, and let this 
parallel meet the asymptotes in the points K, 
L ; consequently KL is equal ()0. de£ 3.) to 
GH, and is bisected in E : and since in the 
triangles KEC, LEG the bases KE, EL are 
equal, and the angles at E right angles ; the 
angles £CK, ECL are equal : but the angle 
KCL is given ; consequently its half KCE is 
given : and KC, and the point C, are given 
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in position ; consequently CE is given (29. book hi. 
dat.) in position : through the given point 
D let DMN be drawn parallel to CE, and let 
it meet the asymptotes in M, N ; DN is 
therefore given in (28. dat) position, and the 
points M, N (25. dat.) are given ; th^nefore 
DM, DN are given in magnitude (26. dat.) j 
the rectangle MDN is consequently given in 
magnitude : but the square of CE is equal to 
this rectangle (l. cor. 15. 3.); therefore the 
square 6f CE is given in magnitude ; and 
consequently CE is given (55. dat.) in mag- 
nitude; but, as formerly proved, it is also 
given in position ; therefore the point E and 
the straight line KEL, are (27. 29. dat.) given 
in position ; and consequently KEL is given 
in magnitude, because CA, CB are given in 
position : now GH is parallel and equal to 
KL ;. consequently GH is given in magni- 
tude ; but it is also given in position^ because 
C is given, which bisects it; therefore the 
axes EF, GH are given in position and mag- 
nitude : and therefore the hyperbola may be 
described by prop. 37. of this book. 

The composition is as follows. Let the 
angle ACB be bisected by the straight line 

Q 3 
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pooKUi* CE ; and having drawn DMN parallel to C£, 
make the squares of CE, CF each of them 
equal to the Rectangle MDN j and through 
£ draw KEL perpendicular to CE, and 
meeting the straight lings AC, CB in the 
points K, L; and through C let 6CH b« 
flrawn jeqqal and parallel to KEL, so that ft 
may be bisected in C : then, with the a^es 
£F, GH, and making £F the transverse axisf, 
describe a hyperbola ; AC,. BC will be its a- 
symptotes, and it will pass through the point 
D. For since, by construction, KEL is e- 
qual and parallel to the second axis GH, and 
{s bisected \n E ; therefore CK, CL are (def 
30. sO the asymptotes, and the rectangle 
MDN is iequal to the square of CE ; conse- 
quently the point D is in the hyperbola (cor. 

And the asymptotes AC, BC being given, 
and a point D of a hyperbola, as many points 
of thai: hyperbola, or of the opposite hyper- 
bola^ as may be thought necessary, may be 
found, by drawing through D any number of 
straight lines ADB, Da5, meeting theasymp* 
totes in A, B, and a, b; and taking BO, bo 
equal to AD, oDi in sdch a manner, that the 
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Avo pcmtts* p» 0» ^nll thie Ijwo I>^ :o^ loajr be matciin 
je^w bbth withia or witliout tbe poiut^ A^ fi, 
and a^d :([f(ir then the ipoiiUis O, oiiotll b< (IB. 
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•1. '•.»' ' ' i ' > J ^ J - \ J t t ^» 

Two straigj^t lines .^^CB^ DPE, w^^^i^.^- ^«- 3^- 
seot.eadi' other ;in. C^ beii|gr|[ivd3i' in 
pofii tion ' afad magftitUde t - to -desfcritife 

rf. r , .^. .,f. 

two opposite hyperbolas, wliicn'hiay 
have AB for a Irj^n^pverse dianjeteri and 

II ^ ^ » 

/. to AB:-;."- .•,•"•.,'.' 
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Su]^(^08$ wh^t is required done^aud let CF^ 
CG h& Ihd asynip|»te$^; tiirDUi^ A^ tibe; vecr 
test c^iliije'trMByieraiiidiiuveter^ dcaw a straight 
liin^ p^roUfil tP!D£« tmii tet itimteft,tl}eaa3/(iiip- 
totes in F, G; therefore FG is ^llidelf. 3.) 
ftqiiitl(jto(i)£4^ 9tid £9ii>iii$cte4 in At; but'DE 
»#.g)i(rto;iaimdgoituflef ; lldieref(Hid FG is given 
in fob^itud^: ; , luidc ofriqdnsequrace* its ' half 
AF is;^l^:givjiiil'jk/ix\4giliiu<iei:l bi^l^ AF ra 
given ^3&(dd&) ip'^^€Miiti^il9.^ce it is drawn 

Q 4 
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&OQ.KUI. through a given poittt A pai^lei taD£ given 
in positioiy; consequeotly thepoitit F k.(V7m 
dat) given: in like maimer the 'point G is 
given ; and the point C is giy^n ; therefbfe 
the asymptotes CF, CG are given in position, 
and the point A is.ghria ih the hyperbola : 
and therefore the hyperbola may be describ- 
; cd, 1)y the preceding^ proposition. * * ' ^ 
Tbeicomposition is iaa follews^ ; iTfaroiigh 
the yeitex A of t^p. ti^nsyerse diai;^ter^;5}f'aw 
a straight line FAG equal and parallel to the 

^^ ^ • ' . . • » « 

second diameter D£, and so th^t it may be 
bisected in A ; join CF, CG, anci by the pre- 
ceding prop, describe a hyperbola which may 
have for its asymptotes the straight lines CF, 
CG, and which may pass through the point 
A : and, in the same manner, by employing 
the pcunt B, describe the opposite hyperbola; 
AB wilLbea transverse diameter in these by* 
perbolas, and D£ die second diameter con*- 
jugate to it. 

For since CF, CG are the asyitaptotesiof 
the hyperbolas, and that through the point A, 
in the one of the iiyperbolas, there is drawn 
a straight line FAG^ which is bisected in A : 
FG touches (23. 3.) the hyperbola in A : and 



m^ 
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D£ is«equal^and parallel to FG, and t$ bis^c- book in. 
ted in the ceqtre C ; therefore DE its the se- '^^^^ 
cdtid, or conjugate diameter (U. def. and 30^ 
S«r) tO' the transvecae AB. 

PROP, LV- PaoB. 

The diameter of a hyperbola, being given 
c) in position and magnitude^ anld a straight 
•'"line wliich is ordinately applied to that 
diameter from a given point of the hy- 
^ perbol^^ b^ing also given m position ; 
«. tO;d9S4?j?il?e;tl^ehyperbdlj%,:; ; :.i 

' , , , . : . v . \ ; , . . ' » H 

Case 1 • '• When the given diameter is a trans- 
verse diameter of the hyperbola. 

Lpt AB be the given transverse diameter. Fig. su 
to ii?hich a strar^ht line HK,, given in posi- 
tioA, ^is jordinately applied from a given point 
H of tthe hyperbola ; and let AB be bisected 
in C, and dihiugh C draw a straight line pa- 
raUel to UK ; ^ and in that- straight line take 
CD and CE equal to each other, so that the 
rectangle AKB may be to the square of HK, 
as the square of AC to the square of CD, or 
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RODxiff C£; and, by the ^ecadiog proposijxoB^ dei- 
scribe two opposite hyperbolas, of vfiioh AB 
may be a transverse diameter, and. D£ the 
second dianieter conjugate to.AB^^ one of 
these hyperbolas will pass through the point 
H (2. con 28. of this bookJ). 
" Case 2. When the given diameter is a se* 
cond diattietef. / ^ : 

:]b<et D£libe this given secimd djaoietpr^ to 
yi]\\^l\ m^ given in posit;ioi?,fiqfi4f awn from 
?> ' ? S^^^P > point in the hyp^bol^, is ordi- 
nately applied } and let DE be bisected m C, 
^nd through C draw a straight line parallel to 

I 1 » r • 

HL, and in that straight Kiie take GA and 
CB equal to each other, so that the sum of 
the^isaces of LC, DC may be to the square 
of HL, as the squace of DC to the eqbare of 
AC, x>t CB ; and, by the preceiUng propbsi- 
tion^ describe t9i^b opposite' l^yperbolas, bav4 
11^ J^B Hot atransrersjs^ diameter^ and CD 
for! the second diameter conjugate to A:B ^ of 
thqse hyperbolas,-: the one 'wiiich liesron the 
ssUiifegsddeof D£^with Utie poftn( H,.wMI pass 
tibroUgh the poltit H (2. 4:6t. p9. S.). . 
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BOOKIir. 

PROP. LVL Theok. 

If a coiie cut by a plane through the axis^ 
be cut likewise by a second plane, meet- 
ing its base in the direction of a straight 
line perpendicular to the base of the 
triangle thrdngh the axis; and if the 
common section of the triangle through 
the axis, and the second plane, meet 
one of the sides of the triangle through 
th$. 9xi£( 09 the o^Jifr^s^de of the Tertei^ 

' '(^'thecone; the Une Ivhich is the €om«- 

* • . ^ 

mon section of the second plane, and 
the conical surface, is a hyperbola, hav- 

. ^ing for a transvexse diameter the com- 
mon Boetion of the triangle through the 

^ axis and thi second plane. 



• Let there be a cone, its vertex the point Fig. 32. 
A, and base the circle BC ; Ifet it be cut by 
, a plane through the axis, and let the triangle 
ABC be the section j let it be cut also by 
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BOOK III. another plane, meeting its base in the direc« 
tion of the straight line DE perpendicular to 
BC, the base of the triangle ABC j and let 
tUe section made in the surface of the cone be 
the line DFE j and let the straight line FG, 
the common section of the triangle through 
the axis, and the second plane, be produced, 
and meet one of the sides CA, of the triangle 
through the axis, in the point H,^^ on the other 
side of the vertex A ; the line. DFE is a 
hyperbola, which has FG for one of its trans- 
verse diameters. 
I . • . . . - 

For in the section DFE take any point K, 
and through K to FG draw KL parallel to 
D£, and through L draw MN parallel tp BC ; 
the plane, therefore, which passes through 
KL, MN is (15. 11. Elem.) parallel to the 
plane through DE, BC, that is, to the base of 
the cone ; and therefore the (2S. 1.) plane 
through KL, MN is a circle, of which MN is 
a diameter: but KL is (10. 11, Elem.) per- 
pendicular to MN, because DE is perpendi- 
cular to BC ; therefore the rectangle MLN 
is (S^. 3. Elem.) equal to the square of KL: 
and in like matmer, the rectangle BGC is^ 
equal to the square of DG ; the square of DG 
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is therefore to the square of KL, as the rectan- book in. 
gle BGC to the rectangle MLN : but BG is 
to ML, as FG to FL ; and GC is to LN, as 
G H to LH ; therefore the ratios compounded 
of these equal ratios are equal to one another ; 
and therefore the rectangle BGC is to (23. 
6* Elem.) the rectangle MLN, as the rectan- 
gle FGH to the rectangle FLH : hence, in 
like manner:, the square of DG is to the 
dquare of KL, as the rectangle FGH to the 
rectangle FLH. Describe, therefore, a hy. 
perbola (55. 3.), of which FH may be a trans- 
verse diameter, and in which DG may be 
ordinately applied to FH : and because, by 
construction, the point D is in this hyper- 
bola, the point K is likewise in it (3. cor. 28. 
3.). And the same thing may be proved with 
regard to all the points of the section DFE. 
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